COMPLEX ANALYSIS GENERAL EXAM AUGUST 2025

Solve as many problems as you can. Full solutions on a smaller number of problems will
be worth more than partial solutions on several problems. Don’t use any of the Picard
theorems. Throughout, D denotes the unit disc {z € C: |z| < 1}.

Question 1. Using Cauchy’s residue theorem, compute the definite integral
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Question 2. Let f : C — C be an entire function satisfying |f(2z)| < 2|f(z)| for all
z € C. Show that either f(z) = f(0) for all z € C or f(z) = f’(0)z for all z € C.

Question 3. Show that the only solution inside the unit disc D to the equation e* = 2241
is z = 0. (You may use without proof the fact that e ~ 2.718 < 3.)

Question 4. Let U := {z € C: 0 < Re(z) < 1}. Let f : U — C be a continuous bounded
function for which f|y is holomorphic. Suppose that there exist constants My, My > 0
such that
swp [f() <My, sup |f(2)] < My,
Re(z)=0 Re(z)=1
Show that for r € [0, 1],
sup |£(2)] < MIT MY,
Re(z)=r
(Hint: for fixed & > 0, show that f.(z) = f(z)MZ ' M;*e***~ 1 satisfies sup, ¢ | f-(2)] <
1.)

Question 5. Let F denote the set of holomorphic functions f on the disc By(0) = {z €
C : |z| < 2} that satisfy
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Let
G={g:D—C:g= flp for some f € F}.

Show that G is a normal family.



