
REAL ANALYSIS GENERAL EXAM FALL 2022

Solve as many problems as you can. Full solutions on a smaller number of
problems will be worth more than partial solutions on several problems.

Problem 1.

Compute

lim
n→∞

∫ ∞
0

n sin(x/n)

x(1 + x2)
dx.

Problem 2.

Fix a < b in R. Recall that h : [a, b]→ C is absolutely continuous if for every ε > 0

there is a δ > 0 so that if ((aj , bj))
k
j=1 are disjoint intervals in [a, b] with

∑k
j=1(bj −

aj) < δ, then
∑k

j=1(f(bj) − f(aj)) < ε. For a Lipschitz function g : [a, b] → C we
set

‖g‖Lip = sup
x 6=y,x,y∈[a,b]

|g(x)− g(y)|
|x− y|

.

(a) Show that f : [a, b] → C is Lipschitz if and only if f is absolutely continuous
and f ′ ∈ L∞([a, b]).

(b) If f : [a, b]→ C is Lipschitz, show that ‖f‖Lip = ‖f ′‖∞.

Problem 3.

Let (X,µ) be a σ-finite measure space. Show that if f, g ∈ L1(X,µ) wih 0 ≤ f, g
a.e., then

‖f − g‖1 =

∫ ∞
0

µ({x : f(x) > t}∆{x : g(x) > t}) dt.

Here E∆F = E \ F ∪ F \ E for sets E,F ⊆ X. Suggestion: it might be helpful to
first show that for a, b ∈ [0,∞) we have

|a− b| =
∫ ∞
0

|1(t,∞)(a)− 1(t,∞)(b)| dt.

Note: for this problem you may take for granted that the function X×(0,∞)→
{0, 1} given by (y, t) 7→ 1{x:f(x)>t}(y) and that the function t 7→ µ({x : f(x) >
t}∆{x : g(x) > t}) are measurable functions.

Problem 4.

Let (X,Σ) be a measurable space. Recall that if η is a signed measure on Σ, then
|η| = η1 + η2 where η1, η2 are the unique nonnegative measures with η = η1 − η2
and η1 ⊥ η2. Further, ‖η‖TV = |η|(X). Suppose that µ, ν are signed measures on
Σ, that ‖µ‖TV , ‖ν‖TV < +∞ and that |µ|, |ν| are mutually singular.

(a) If µ = µ1 − µ2, ν = ν1 − ν2 with µi, νj nonnegative measures and µ1 ⊥ µ2,
ν1 ⊥ ν2, show that µi ⊥ νj for all i, j ∈ {1, 2}.

(b) Show that

‖µ+ ν‖TV = ‖µ‖TV + ‖ν‖TV .
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Problem 5.

(a) For f ∈ L1([0, 1]), set Lf be the set of x ∈ [0, 1] so that

lim
r→0

1

2r

∫
(x−r,x+r)

|f(y)− f(x)| dy = 0.

State the conclusion of the Lebesgue’s differentiation theorem for Lf .
(b) For n ∈ N, and 0 ≤ j ≤ 2n−1, set In,j = [j2−n, (j+ 1)2−n). For f ∈ L1([0, 1]),

define

Enf =

2n−1∑
j=0

(
1

m(In,j)

∫
In,j

f(t) dt

)
1In,j .

Show that

lim
n→∞

(Enf)(x) = f(x) for almost every x ∈ [0, 1].


