GENERAL EXAM - ANALYSIS
August, 2010

Closed book, closed notes. Please pledge. In each problem, justify all assertions,
show calculations, and identify those theorems which you invoke in your arguments.

1. Let f(z} be a real, normalized function in L*(R),
[ 1@ =1
R

Show that (m is Lebesgue measure):

(a} Fore> 0,
s 1@ 2 0} < 5

(b) For ¢ >0 and r > —1/2,

[ z” f(z)dz
[0,¢]
{c}) Suppose that additionally,
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Show that then
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2. Let 0 <7 < 1 and let

Y cos (nz)
Su) = 3ol

n>i

2= cos (nz)

=l

{a) Show that there is a constant ¢; such that
|Sn(2) = Sw)| < exle -yl
{b} Show that there is another constant ¢y such that
1S{z) — Sw(z)] SN

(¢) By suitable choice of N depending on 2,y, show that S(z) is Hélder con-
tinuous with index r, i.e., there is a finite cs such that

|5(2) = SW)] < eslz — yl".
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3. Let {X, 1) be a measure space, and let{ f,.} be a sequence of real-valued integrable
functions on X which converges to the function f in an L!-sense. Suppose that
moreover,

X 156 - @) < o
Show that {f.} converges ;Sointwise a.e. to f. To do so, consider

pUmen{z : [fm(z) ~ fz)| > €}).

4. Let (X, 1) be a finite measure space, and let {fn} be a sequence of real-valued
measurable functions converging pointwise a.e. to a measurable function f. We say
that the sequence {f,} has uniformly absolutely continuous integrals if for every
€ > 0 there exists & > 0 such that
f | Fnldp <€
E

for all n whenever E is a measurable set with p(E) < 4. Show that in this case,
fn - f In the norm of L*(p).

5. Show that for every € > 0, the function

i 1
f(z)=s‘mz+zm©,

has infinitely many zeros in the set {z : [Im 2] < €}.

6. For n an even integer greater than or equal to 4, compute

7] 2
f z dx.
e X1

Show all estimates carefully. Your answer should be a “clearly real” number.

7. Suppose f is meromorphic {(analytic except for poles) in C. Show that if
[b@Psea=o
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for every polynomial p(z) and every piecewise smooth closed curve v not passing
through a pole of f, then f is entire. Hint: First show f is entire under the
assumption [ p(z)f(z)dz = 0 for all such p and +.

8. Suppese f is entire and |f(z}| < |z|? for all 2. Find all possibilities for f.



