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Algebra General Exam
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January 1931
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An 8x8 matrix has characteristic polynomial xz(x -1)(x"-1).

7
a) What are the possible Jordan forms for such a matrix over the complex numbers?

b) 1If the matrix has entries from the real field, what are its possible canonical
forms?

Let ¢ be a primitive 70 root of 1 over the rational field, Q (you may take

C = e2“1/7).

a) What is the minimal polynomial of { over Q?

b) What is the degree of Q(z) over Q7

¢) Determine the effect of any automorphism of Q(g) on g and hence determine
the Galois group of Q(g) over €.

d) What are the subfields of Q(z)?

It i3 claimed that a semi-simple algebra over the complex numbers, €, has

dimension 15 over €, and has a center whose dimension over € is 3. 1Is thig possib:
(Give an argument supporting your conclusion.)

a) 1If k is a fleld, show that the polynomial ring k[x] is a Euclidean domalin.

b) Causs knew that the polynomial ring, k{x,y], in two variables over the field ~
k has unique factorization. Why is k{x,y] not a Euclidean domain?

A certain group of order 60 has precisely four elements of order S5; show that

these elements together with the identity element form a normal subgroup.
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I. If A is a 6 x 6 matrix with complex entries and characteristic polynomial
(x+2)4(x-1)2 what are its possible Jordan cononical forms?
II. . Let.f(x) = x3 + 5x - 5 over the field § of rational numbers.
(a) Find the number of real zeros of f(x).
(b) Show that f(x) is irreducible over Q.

(c) Determine the Galois group of f(x).

(d) 1Is f(x) solvable by radicals? (Give reasons for your answer).

III. Let Abe a5 x 5 matrix with complex entries, characteristic polynomial
(x—2)3(x+7)2, and minimal polynomial (x-2)2(x+7).
(a) What is the trace of A?
.(b) What is the determinant of A?
(c) What is the Jordan canonical form for A?
(d) Is A similar to a diagonal matrix?
IV. Let V be a two dimensional vector space over the real field and let (x,y)
be a non-singular symmetric bilinear form on ¥ with the property that there
is a vector v # 0 in V with (v,v) = 0. .
(a) Show that V has a basis e, e, with (e],e]) = 0 and (e],ez) =1, (92’32) = C
(b) .Show that if @ is any real number there is a vector u in V¥ with (u,u) = &.
V.

Let A and B be two right modules over the commutative .ring, R, which has 1.

(a) What is the tensor product A sp B2
(b) Show that A &p R is isomorphic to A (as R modules).

(¢) 1If Z, is the group of integers modulo n, what isZ_ 8 ZZ'Zn?
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ommutative, R, with 1 and let 1

VI. Let S be a multiplicative subset of the ¢

be an ideal of R disjoint from S.

e is an ideal M of R with I=M, SAM= p and maxima1

(a) Show that ther

with respect to these properties.

(b) If R=1Z, the ring of integers, and S = 3" :n > 0} and 1 =24,

what is M?

N a normal subgroup, and P a p-Sylow subgroup

VII. a) Let G be a finite group,
) is the normalizer of P in G.

of N. Prove that G = NNG(P), where NG(P

ttmi subgroup F of G is the intersection of jts maximal subgroups.

b) The Fra
Show that F is normal in G and use a) to show that each Sylow subgrgup'-

of F is also normal in G.
group on 4 letters;

¢) Find the Frattmi subgroup of 54,_the symmetric

justify your answer.
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ALGEBRA GENERAL CAMIHATION

i. brove that ifm is 2 pusxhve .niﬂge: . thea ZZI;%nZZ'».%imZZ is i{somorphic to
L.

2. Let D be a principal iceal domain ard et a 8p3e-esdp he in D, not all Q.
Let d be e greatest comwa divisor of Agaeeetd in ). Show that there is

an $nvertible n by n matrix § with entries in D Yor which

. . (_a.]:...,an)q = {4,0,...,0).

Beseribe the finlte Abe H 0 groips that have exacely three distiact
composition series.

" prove that 1T F/X 1s an algebralc extension of Fialcs,
of F'belengs to an intarmadiate §ield betvecn ¥ and °F
K, thea F itself is novmal over (. i

-
and ev¥ery element
that is normal over

. 4 ‘ :
5. Describe the -aﬂc‘;s group of x° % 2% & 2 evan D,

a7 % 0. Datermine the intermediaie.
T fields of the splitt%r:gﬂe?d ard disslay the Galsis correspondance. '

6. Prove that 4F B {s 2 won-fkelioe qroun of omist 21, Shen G s genevated by
R T ! 2 s

twy 2lemonis s and t, s.of order 7 2ad £ of gvdar 3, for which S:"]st =3

w0 d. Amatrix A s called idempotant 17 A% = AL Sroun t 3t two idempotent n by ¢

(A} -
' n matrices wiih eniries o a Tield ara similae’3f and only 17 they ave 2o
o e equivaleni (associatad). '

B, &'!sﬂay two cozplex 4 by 4 matrices thot lave the sama2 characteristic and
 minimal polyacwiais and yet are act similar.

8. Lzt R b2 a commutativa viag with identity and 1 ¢ M b2 2 maxfmsl ideal.
Bhow that 7 R is an ideal vor which B =A ==¥§& Tar come &, then A 15

!&-primry.
from that, show that

- . 2 . . )
fa@ix,y), {27,xty) is 3 primory ideal nol equal to 2 -
- .
pew2r oF iis ragdinal.
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: 'InStj}uéiipns:» Put allyour answers on the exam pé.per. Use the backs of the pages if
necessary. Good luck! .
1. Group Theory. (a) Does there exist a simple group of order 200? If there is such a

group G, describe G explicitly. If no such G exists, explain, quoting carefully any theorems
you are using in your explanation.

(b) Givea speciﬁe ‘exarnple of a finite, nonabelian simple group G. No probfs required!



( )Uptoxsomorphxsm, how many finite abelian groups o
example for each isomorphism class.

" 2. Linear algebra. Consider the (real) matrix '

1 1 1
A=|-1 -1 -1}.
1 1 0

(a) What is the characteristic polynomial f(x) of A?

. Tz SRR yinpwyish pr= —— oy —
4 P .- . P — e — - .-
e e i ] e e oyt L ez e iy - -
T —— Qe RE 2 — i

£ order 23-3% are there? Give an
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. . e e o e - e

- (b) -What is the minimum polynomial of A?

(c) What is the Jordan canonical form of A?7 (You need not find the matrix P such that
PAP ! is in Jordan form.)

3. Rings and Fields. (a) Prove that the polynomial f(x) = - 655 + 12:% + 21x — 3 is
- irreducible over Qx]. : '



et

b . .
, a,b € F. Show that K ¢ is a subring of the ring

(b) Let F = F7" be the ﬁéld ha'\;ing 7 elements. Fix an element 'E'e F, and Acbr;éide‘rr the s
a

K ¢ of all matrices of the form &
_ o .
M, (F) of all 2 x 2 matrices with coefficients in F. For what elements { € Fis K £ field (of -

order 49)?



~(c) "Suppose that 2, b are relatively prime positive integers. Show that the ring Z,, of
integers mod ab is isomorphic to the direct product ring Za, x Zb‘ Corollary: If a positive
integer m is wfitten as a prbduct p‘lel -pgt fqr distinct primes Pyr * - Pp then Zm is
isomorphic to the direct product Z.pel x eoexZ oSt Why (in < 1 word)?

1 : t

(d) .Show that if R is a commutative ring, then x + y is nilpotent whenever x and y are

nilpotent élements in R. (An element x is nilpotent if &= 0 for some positive integer n.)
Give an example.of two nilpotent elements x,y in a noncommutative ring R such that x + y
is not nilpotent.
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Show (by Sylow theory) that a group of order 72 cannot be
simple. UList all abelian groups of order 72.

Let G be an infinite group containing an element x # 1 having
only finitely many conjugates. Prove that G is not simple.
Let f(x) = X4—K2~2 e Q[x]. Find the splitting field F of

f(x) over 9, determine its Galois group, and find all
N

subfields of F.

Let k< K< L and let ¢« € L. Assume that K/k is finite

S

algebraic.

(a) shoﬁ that~K/k separable o K(g)/k(a) sep;rable.
(b) Show that K/k'normal » K(a)/k(a) normal.

(c) Show that if K/k is Galois, then so is K(a)/K(a)

and compare the Galois groups G(K/k) and G(K(a)/k(a)).

What are necessary and sufficient conditionsAon the

commutative integral domain R in order that the polynomial

ring in one indeterminate, R[x], be
(a) a P.I.D.?

(b) a UFD?

(c) a Noetherian ring?



Let R be a commutative ring with unit and I an ideal of R.

Consider the R-module R/I.

(a)_ Show that if I is a prime jdeal, then R/I is

indecomposable.

(b) Show that R/I is a simple module if and ouly if I is

maximal.

, . . 5 . . . :
Let T be a linear transformation of R> having characteristlic

polynomial TE-I. Find its possiblg rational canonical forms

over R and its possible Jordan canonical forms over ct, °
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Use the properties of tensor products to show 22

ALGEBRA GENERAL EXAMINATION - FALL 1987

t********#*****3*****#**#***********#************#t

Show that a group'of order 160 having two subgroups of order

80 also has a normal subgroup of order 5.

Prove or disprove: If R is a principal ideal domain so is

R[x].

1

A

A complex number satisfying a monic polynomial with integer

coefficients is called an algebraic integer. Show that the
complex number a is an algebraic intéger if and only if z[a]

ié finitely generated as a Z-module.

N®
N
]
o
]
o]
o,

y 4 .

2.2, & .
2 2 2 2

Determine whether the real quadratic forms Qi(x) = XA xt with

i
0 1 ©
A. =11 0 O} and A
i 0o 0 2 72

1 0 1 ‘
0 1 0| are eqguivalent. ,
i 0 O
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'Find the rational canonical form over the real numbers of the

linear transformation whose Jordan canonical form is

2 1 ]

-1 1
: - o -i
L

’

If K is a finite field with 9 elements, determine whether

x2+x-1 has a root in K.

Let K/OQ be a splitting field of an irreducible polynomial
f(x) of degree 8. Suppose « is a root of £ and that £
factors over G(a) into 2 linear factors and 3 quadratic
factors. Find the possible orders 6f the éalois group

Gal(K/Q). Show f is solvable by radicals.



CLOSED

. ALGEBRA GENERAL EXAMINATION
' Saturday August 27, 1988 .

9:00-12:00 AM

BOOK. USE YOUR OWN PAPER. WRITE FINAL ANSWERS

NEATLY AND LOGICALLY (turn in scratchwork too) .

PROBLEM 1.

PROVE

over a

that the ring F[X] of polynomials in one variable

field F is a principal jdeal domain.

PROBLEM 2.

Let T be a linear transformation of Rs (where R is the

field
Ts - T
formé

forms

PROBLE

Use th

(z_ th
n

of real numbers) having characteristic polynomial
5. T2 + T. FIND the possible rational canonical

for T over R and the possible Jordan canénical

over the complex ‘field C.

’

M 3.

e properties of tensor prqducts to SHCOW

Z2 ® 25 ='0

e ring of integers mod n) and

‘ 25 @ 25 o 25'

Om\ g(

lqs



PROBLEM 4.

SHOW, using_the Sylow theory. that a group of order 200

- cannot be simple. LIST all abelian groups.of order 200.

PROBLEM 5. .

Let 1‘3(X)‘='_-.X‘:i - x%.2 6. bver_£he field Q of rational

numbers. FIND‘theiéplétting field F of £(X) over Q,

DETERMINE its Galois group, and FIND all subfields of F.

PROBLEM 6.

Let R be a éommutative ring with unit, and I an ideal of

R. Consider R/I aé aﬂ R-module.

(a) SHOW that R/I is simple as R-module if and only

if 1 is a max1mal ideal of R. =

Y

(b) SHOW that if I is a prime ideal of R, then R/I is

BN H
an 1ndgcomposable R—module.

(c) If I is a prime ideal in R, what conclusion can

you deduce about R/I as a RING?

PROBLEM 7.

PROVE the famous result of Gauss which states that every

algebraic integer over Q which is also in Q is in fact

an ordinary integer (in Z). :[Note:.An algebraic integer

is a complex number which séfisfie; a monic polynomial

with (ordinary) integer coefficients.]



S ALGEBRA GENERAL EXAMINATION

SATURDAY, JANUARY 14, 1989

g:00 - 12:00 AM

CLOSED BOOK. USE YOUR OWN PAPER. WRITE FINAL ANSWERS NEATLY AND
LOGICALLY (REWRITE YOUR ROUGH SCRATCHWORK, BUT TURN IT IN TOO)

JUSTIFY ALL YOUR ANSWERS!
PROBLEM 1. Show that there are no simple groups of order 1888.

PROBLEM 2. a) Suppose that G is a group having a factor group G/N
jsomorphic to the integers 7 Show that for each integer n > 0 there
exists a normal subgroup H of G having index [G:H] = n.

b) Prove or disprove: 1if all proper factor groups G/N of N

(N # {1}) are finite, then G itself is finite. i

PROBLEM 3. Let F be a field, and R = F[[X]] the ring of formal power
series £(X) = a, + alx + a2X2 + ... in the indeterminate X with

coefficients a, from F.
a) Find all units (invertible elements) in R.
b) Show that each element f of R is an asssciate of X' for some n
(i.e. £ = X'g for a unit g of R).
c) Find all irreduciblz elements of R.
d) Show that all idzals I of R have the form I = { X% } for some n.

(i.e. I =RX*={£X"| £4£R}.

e) Describe all finitely-generated R-modules.



PROBLEM 4. a) Find the Galois group of the equatibn x3 -2 =0 over ..

the field Q of rational numbers.

b) Find a polynomial £(X) € Q[x] with Galois group Z2 X S. over Q.
PROBLEM 5. If T is a linear transformation on a g-dimensional complex
vector space V with minimum polynomial mT(X) = Xz(X-l)z(X+l)3 , find

the number of possible Jordan canonical forms for T.

PROBLEM 8 (Kummer’s Dilemma) Prove or disprove: every Unique

Factorization Domain is a Principal Ideal Domain.

That’s All, Folks!
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ENERALEXAM IN ALGEBRA
FRIDAY, MAY 18, 1990

~ .. CLOSED BOOK 3 #+ ¢ HOUR TIME LIMIT

SHOW ALL1!! WORK ON SEPARATE SHEETS OF PADER (ONE SHEET FOR EACH
SROBLEM). YOU CAN HAVE EXTRA TIME AT THE END TO WRITE UP YOUR
CCRSBBLINGS IN A NEAT AND TIDY FASHION, BUT TURN IN THE SCRIBBLINGS
ANYWAY.

1. Sho& that a group which has no nontrivial automorphisms must have
. order § 2.

2., Show‘thét a group of order 441 must be solvable.

3. if E is a subfield of the complex numbers and 2 finite Galois
_extension of the field Q of rational numbers whose Galois group

G(E/Q) is simple of order greater than 2, show E cannot contain
the complex number i.

4. Show that in a Unique Factorization Domain the following two

conditions on a nonzero prime jdeal P are equivalent: (1) P is
minimal among all nonzero prime ideals, (2) P is a principal ideal

5. I£7R=i$ an integral domain having only finitely many ideals, show
‘that R is a field, and give an upper bound for the number of ideal

76.'Lét;§ be a principal ideal domain. Show (1) HomR(MléMz,N) (=2
HomR(Ml,N)aHomR(Mz,N) for any R-modules Ml'Mz'N’ (2) HomR(R,R)

= R, (3) if M is finitely generated then its "dual"® HomR(M,R) is
‘free of finite rank. :

7. Decide which of the following 8x8 matrices are similar over the

complex numbers, and explain whj.

(1) (2) (3)
0L 0 0 o 0 O O 10000 O O O ii100 0 O O
-1 2 0 0 0 0 0 O 11000 O O O oii10 0 0 O
o o 0 1 0 0 O O ooilo 0 0 O o010 0 O O
o 0 60 0 1L 0 O O cooo0i1 0o 0 O cooo0oi 0 0 O
0O 0 0 0 0 1 0 O ooo00i 0 0 O ooo0ol1-i 0 O
o o 0 o o 0 1 O ooo0o00-=1 1 O 0000 1L-i O
g 0 0 0 O O O 1 0oo0oo000 O0-i 1 0000 O 0=i
o 0-1 0-3 0-3 O 00000 O O-i o000 0 O O

s

rHBOOOOOO



Algebra General Exam
May 22, 1991

Closed book. Write your final answers neatly
(turn in your scratchwork).

***#***************8********************************************

I. Let T be a linear transformation on the finite-dimensiocnal
vector space V over the field R of real numbers into
itself. Suppose the minimum polynomial for T is 74412,

(a) If dim V = 6, what are the possible rational canonical
forms for T?
(b} If the field of scalars is extended to the complex

field €, and dim V = 6, what are the possible Jordan
canonical forms for T.
{c) Suppose T has the property that Trace(Tk) = 0 for all

k > 0, and the minimal polynomial of T divides T4+T2.

Show that T is nilpotent.

II. Let R be a Euclidean integral domain.

(a) Show that R is a principal ideal domain and that any
two non-zero elements of R have a greatest common
divisor (g.c.d.)} in R.

(b) 1Is the polynomial ring R[x] a Euclidean integral
domain and/or do two non-zero elements of R{x] have a

g.c.d. in R[x]? Give reasons for your answers.



ITI.

Iv.

VI.

t
Given the two quadratic forms Qi(x) = xAix where

_ {1 2 _ (2 1)
A, = (2 —1) and A, = (1 -2
(a) are they equivalent forms over the rational field, Q7

(b)) are they orthogonally equivalent over the real

field, R?

(a) Determine the structure of all abelian groups of order
4851,
(b) Let G be a group of order 231. Show that the 11i-Sylow
subgroup, H, of G is normal in G and lies in the

center of G. (Hint: Let G act on H by conjugation.)

Let K be the splitting field of x4—2 over the rational

field Q.
(a) Find the Galois group of x4—2 over §.
(b) Identify the subfields of K of degree 4 over @ and

find their corresponding subgroups of the Galois

group.

Let M = ze#Z2 be the free module of rank 2 over the ring, Z,
of integers. Let S be the submodule of M spanned by

x = (3,0), v = (0,4), and (6,2). Find a Z-basis for the

submodule S.



Algebra General Exam
January 1992

Closed book. Write your final answers neatly (turn in your scratch work). Three
hour time limit.

S G

K Prove: An infinite abelian group is cyclic if and only if every subgroup other than {1}

has finite index.

% Show that a polynomial of degree n over a field F has at most n rootsin F.

3. For Q therationals and w a primitive cube root of 1, determine whether Q(w 3\/ 2)

is a Galois extension of Q. Give reasons.

4. Prove: If a finite group G has a normal p—Sylow subgroup S p; then <p(Sp) cS p for

every endomorphism ¢ of G.

5. A matrix E is idempotent if E2 = E. Show that two idempotent matrices over a field

are similar if and only if they have the same rank.

ﬁl\ Prove: An integral domain has the descending chain condition on ideals if and only if it

is a field.

7. Apply the Jordan—Hélder—Schreier Theorem on composition series to a finite cyclic

group of order n to prove that n has a unique factorization as a product of primes.



Algebra General Exam
May 1992

Closed book. Write your final answers neatly (turn in your scratch work). Three
hour time limit.

****************************;************************* e ok ke ke o ok e ok ok ok ke ok ok ok ok ok kok ok ok ok ok

-1-Show that an abelian group has a composition series if and only if it is finite.

2. Show that if a” =b™ and a™ =b™ for m and n relatively prime positive integers
wnegrol dowain

and a and b in a commutative Mg, then a = b.

“Let V be the subgroup {1,(12)(34),(13)(24),(14)(23)} of the symmetric group S, on
4 symbols. Prove that V is a normal subgroup of S, and that § 4/V N S3. |

_4 Give the Jordan normal forms for all 6 x 6 matrices, over the complex numbers, whose

minimal polynomials are (x — 1)2(x -2).

5. The Euler p—function on the natural numbers is given by: ¢(n) = the number of integers

x with 1 {x<n and x relatively prime to n. Itis afact that n = 2<p(d) Explain

. din
this in terms of the subgroup structure of the cyclic group of order n.

6. Show that f(x,y) =x + x3y + y8 + x7y5 + x2y4 is irreducible over the rational field.

7. Show that if a 2 x 2 real symmetric matrix A has lim trace(A) = 0, then lim A"
n— o n— o
= 0. Does this hold for n x n real symmetric matrices?
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ALGEBRA GENERAL EXAMINATION
AvUGuUST 27, 1994

The examination is closed book. Please write out your answers neatly and include
your scratch work. The allowed time is three hours and there are eight problems.

1. Let P be a p-Sylow subgroup of a finite group G, p a prime dividing the order
of G.

(a) Prove that P consists of all the p-torsion elements of the normalizer Ng(P),
that is, all elements of Ng(P) whose order is a power of p. [Hint: apply Sylow
theorems to Ng(P).]

(b) Prove that P is a characteristic subgroup of Ng(P).

(c) Prove that NG(N(;'(P)) = NG(P).

2. If G is a finite Abelian group of order n, show that G has a subgroup of order d
for each divisor d of n. Show that this need not be true if G is not Abelian.

3. Describe the subring R[z2, z°] of the polynomial ring R{z]; that is, specify what
polynomials belong to it.

4(a). Find the Jordan form of

cos§ —sinf 0
A= 1| sinf cosfd O
2 -1 3
over C.

4(b). I A € M,(C) has finite order d, so that d is the smallest positive exponent
for which A% = I, describe the Jordan form of A over C.

5. If f(z,y) is an alternating bilinear form on a 25-dimensional real vector space
and A is its matrix with respect to some basis, show that det(4)?® = 0.

6. Show that F = Zs[z]/(z* + z + 1) is a fleld of characteristic 2 containing a
primitive 15-th root of unity. Exhibit such a root.

OVER

Typeset by AAS-TEX



7. Let (» be a primitive n-th root of unity in C for n > 2.

(a) Show that the fixed field of Q((s) under complex conjugation is Q((n + (r) =
Q(¢») NR. [Hint: write (5 as a power of (, and find a polynomial of low degree

satisfied by (» over Q((n + (n).)
(b) For n = 7, find the Galois group of Q(¢7 +¢7). Then find all subfields of Q((7)

and their Galois groups.

8. If the annihilator of a left R-module M is Anng(M) = {a € R | aM = 0}, show
that for submodules M;, M, of M, we have

Anng(My + M) = Anng(M;) N Anngr(Myz).
Show furthermore that we have
Anng(My) + Anng(M;) C Anng(My N My);

but show that this inclusion could be strict.
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ALGEBRA GENERAL EXAMINATION
JANUARY 28, 1995

This examination is closed book. Please write your answers out neatly and
include all vour scratch work. The time allowed is three hours. and there are eight
problems.

1. In keeping with tradition, let G be a group of order 1995. Show that G must be
solvable. (Although you needn’t prove them here, you may use only theorems you
are able to prove!)

2. Explain the connection between the Fundamental Theorem of Arithmetic and
the Jordan-Holder Theorem applied to cyclic groups.

3. Let K and L be finite extensions of a field F', both contained in a field E. Let
KL be the set of sums of products of members of K and L.

Explain why KL is a subring of E that is finite dimensional over F'. From that,
show that KL is a field and, in fact, the smallest subfield of E containing K and
L.

4. List all the possible Jordan canonical forms for a matrix over the complex field
whose characteristic polynomial is 28 — z* and whose minimal polynomial is z® —z2.

5. Give definitions of the terms “maximal subgroup” and “minimal subgroup” - it is
not assumed that you have seen these terms explicitly. Then from your definitions,
prove the following facts:

a) A minimal subgroup must be cyclic of prime order.

b) If a subgroup has prime index, it is a maximal subgroup.

c) If a subgroup is both maximal and normal, it has prime index.

d) A subgroup of an Abelian group is maximal if and only if it has prime index.

Now find the maximal and minimal subgroups of Z.

6. Prove that any proper homomorphic image of a principal ideal domain that is
an integral domain must actually be a field.

Use this result to show that F[z,y], F a field, is not a principal ideal domain.
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7. Show that z* — 22% — 2 is irreducible over Q. Label its roots in some way and
display the Galois group as a set of permutations of the roots.

8. Give an example of a polynomial f(z) in Q[z] having all these properties:

a) the degree of f(z) is 4;

b) f(z) has no rational roots;

c) f(z) has no repeated factors in Q[z];

d) the Galois group of f(z) over Q is cyclic of order 2.



Algebra Comprehensive Exam
August, 1995

1. Describe a nonabelian group of order 55 as semidirect product, and, using your description,
explicitly give generators and defining relations for the group.

2. Let p;: G— Aut(V), py: G— Aut (W) be linear representations of a finite group G. Let
L: V= W be a linear map. Show that the linear map L: V — W, defined by

Lv=(Yg) Zyeq P hHLpy® v, vinV,
is an intertwiner of the representations py and p,, i.e. L'p {(g) =p,(g) L', forall ge G.

3. Let G be the Galois group of x4 -4 over the field Q of rational numbers and let F be the

splitting field of x4 —4. Find G and describe the action of each of its elements on F. Also find
all subfields of F.

4. If T is a diagonalizable linear operator on a finite dimensional vector space V, and if W is a
T-invariant subspace of V, prove there is a T-invariant subspace U such that V=W & U.

5. Factor the polynomial x9-x in F5[x] into irreducible factors. (F3 is the field with three
elements.)

6. Assume T is a linear operator on a 10-dimensional real vector space V with minimum
polynomial (x4 - 1)2, and let k denote the maximum number of linearly independent
eigenvectors of T in V. What are the possible values of k? Justify your answer.

7. Find the order of the group GL(n, F}), and describe a p-Sylow subgroup. (pis a prime
number, and F, is the field with p elements.)

8. A representation of the symmetric group §3 in the vector space R3 is defined by letting a
permutation in S3 act on a vector in R3 by permuting the coordinates of the vector. Express R3 as
a direct sum of irreducible S3-invariant subspaces. Prove that your direct summands are
irreducible S3-invariant subspaces.

9. List the conjugacy classes of finite subgroups of the orthogonal group O(2, R), and prove your
list is correct.

10. The space My(R) of nx n real matrices is a real inner product space with inner product

given by: <A, B> = trace(AB!), where B! denotes the transpose of the matrix B. (You don’t need
to prove this.) Let P be an invertible matrix and T the linear operator on M(R) defined by T(A)

= PtAP. Denote the adjoint of T by T*. Prove that T*(A) = PAP, and find necessary and
sufficient conditions on the matrix P that T =T*. Justify your answer.



ALGEBRA GENERAL EXAMINATION

AUGUST 26, 1995

This algebra examination is closed book. Please write your answers out neatly
and include all your scratch work. The time allowed is three hours, and there are
seven problems altogether.

1. Let G be a finite group of permutations of the finite set X. For z € X, let
G, = Stab(z) = {g € G : gz = z}.
Suppose | X |= [G : G;] for some z € X. Show this holds for all z € X.

2. Let G be a group of order 1001. Show:
a) G is not simple;
b) G is Abelian;
¢) G is cyclic.

3. Let A be the Abelian group (written additively) generated by z;, 22, z3 satisfying
the relations

4z, — 2z9 +423 =0
71‘1 —8.’132 +.’L'3=0
8z1 + 22 + 1323 =0

Find the order of A.

4. Show that Z[v/10] = Z + Z+/10 is not a factorial (unique factorization) domain.
Hint: show that

a) n? — 10m? # 2,3 for all n,m € Z.
b) 2, 3, and 4 £ /10 are primes in Z[V10].

5. Find the Jordan canonical form of the n x n matrix A = (a;;) with a;; =1 for
i < j and a;j =Qfor:> 7.

OVER
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6. Let K/Q be a splitting field of z° — 9z + 12. Show that there is a single normal
extension L/Q in K with Q # L # K. Find [L: Q].

7. Show that every element of SOs(R) has a fixed point (Az = z for some z # 0).
Recall that

SOs(R) = {A € Rs: (Az, Ay) = (z,y),and detA = 1},

where (z,y) = z -y = ¢'y is the usual bilinear form (dot product) on RS.



ALGEBRA GENERAL EXAMINATION

August 24, 1996

Instructions. This algebra examination is closed book. Please write out your answers
carefully, being sure to explain any claims you make. Include your scratch work with what
you turn in. The time allowed is three hours, and there are eight questions.

1. A Hall subgroup H of a finite group G is a subgroup whose order and index are
relatively prime. Use isomorphism theorems to prove that if IV is a normal subgroup
of G and H is a Hall subgroup of G, then HN/N is a Hall subgroup of G/N, and
H N N is a Hall subgroup of N.

2. Let C, denote the cyclic group of order n. Determine all pairs of positive integers a
and b, with a < b, for which C, x C, is isomorphic to Cy5 X Cig x Cop.

3. Let M be a finitely generated R-module, R a ring. Show that any generating set of
M (a subset of M that generates M as an R-module) must contain a finite generating
set. Conclude that M has a minimal generating set (no proper subset generates M),
and that every minimal generating set of M is finite.

4. In Qlz], let f(z) = o™ + ... + 2™, where m; = 7 — 1(mod k). Show that f(z) is
divisible by zF 7! + 22 + . + 1.

5. Let R be a principal ideal domain. An ideal P of R is called primary if whenever
ab € P and a ¢ P, then 6™ € P for some n (perhaps depending on b). Show that P
is a primary ideal if and only if either P = {0} or P = (p™) for some prime p and
exponent m.

6. Let E/F be a finite Galois extension with Galois group G. The normal basis theorem

states that there is an element u in E whose images under the members of G form an
F-basis of E.

Prove that for any subgroup H of G, the subfield corresponding to H in the Galois
correspondence is F(ug), where

ug =y h(u).

heH

7. The minimal polynomial of a matrix A with real entries is (z — 1)(z% + 1)2 and its
characteristic polynomial is (z — 1)3(z® + 1)2.
(a) What is the rational canonical form of A?

(b) If A is regarded as having complex entries, what is its rational canonical form?
(c) What is the Jordan normal form of A (again, with complex entries)?

8. Give an example of two finite groups whose Sylow subgroups are isomorphic for each
prime, but which are themselves not isomorphic.



ALGEBRA GENERAL EXAMINATION

January 23, 1997

This algebra examination is closed book. Please write out your answers carefully, being

sure to explain any claims you make. Include your scratch work with what you turn in. The
allowed time is three hours, and there are seven questions.

1. Find the rational canonical form and the Jordan normal form for the real matrix

-1 30
0 2 0 }.
2 1 -1

9. Let G be a finite Abelian group of order k. Use the fact that the map g — g" (n an
integer) is a homomorphism, to show that if k, is the number of solutions of g =1 in
G, and k(™ is the number of n-th powers in G, then k = k k™.

3. Let E be a separable extension of the field F, with [E : F] = n. Use Galois theory to
find an upper bound B(n) for the number of intermediate fields K, F' C K C E, that
depends only on n. You don’t need to make the bound B(n) very tight!

4. Give counterexamples for each of the following statements, with details. Then correct
each statement by modifying the underlined part.

(a) If R is a commutative ring, a polynomial in R[z] of degree n has at most n roots
in R.

(b) If Ris a division ring, a polynomial in R[z] of degree n has at most n roots in R.

(c) If Ris a unique factorization domain, then the greatest common divisor, d, of two
members a and b of R can be written as d = az + by for some z and y in R.

5. Describe the Galois group of z* — 5 over the rationals as a group of permutations of
the roots.

6. Let G be a finite group and P a p-Sylow subgroup of G for the prime p. Prove that if
H is a subgroup of G, then for some g € G, H N gPg™" is a p-Sylow subgroup of H.

7. Let V be a finite-dimensional vector space over a field F, and let X and p be two linear
functionals on V. Define

B(z,y) = Mz)u(y) — My)u(z)

for z and y in V. Show that B is an alternate (alternating) form on V' and determine
the possible values for its rank.



Algebra General Examination - Saturday, August 23, 1997; 9 - 12

This examination is closed book. Please explain yourself carefully and clearly;
avoid words like “obviously”! Save your scratch-work and turn it in along with the
examination. Allow enough time to polish your answers.There are eight problems.

1. Let p be a prime number, and let K be a field containing p distinct p-th roots
of unity. Let L/K be a Galois extension for which {L : K] = p.

a) Prove that the Galois group Gal(L/K) is cyclic of order p.

b) Let ¢ be a generator of Gal(L/K). Then o is a K-linear transformation on
the vector space L. What is the Jordan canonical form of ¢?

c) Prove that there is an element v in L — K with «? in K.

2. a) Let G be a finite group with exactly two conjugacy classes of elements.
Prove that |G| = 2, where |Glis the order of G.

b) Suppose that G has exactly three conjugacy classes of elements. Show that
|G| involves at most two primes.

¢) There are, in fact, only two finite groups with exactly three conjugacy classes
of elements. Can you guess which ones they are?

3. Let K(z) be the field of rational functions over the field K. Prove Luroth’s
theorem: for any nonconstant function, f (that is, f € K(z) — K), the degree
[K(z) : K(f)] is finite. Can you describe [K(z) : K(f)] in terms of f ?

4. Let f(z) be a monic polynomial in Z{z]. Let p be a prime and let F(z) be the
image of f(z) in (Z/pZ)[z] obtained by reducing the coefficients of f(z) modulo
p. A theorem of Kronecker says that if f(z) has distinct roots in its splitting field,
and if 7 is 2 member of the Galois group of f(z) over Z/pZ, then there is an
element ¢ of the Galois group of f(z) over Q having the same cycle structure as a
permutation of the roots of f(z) as & does as a permutation of the roots of Flz).

a) Use this theorem (with a couple of choices of p) to show that the Galois
group of z* + 4z% + z + 3 is isomorphic to Ss.

b) Apply the theorem to show that if f() has even degree and the discriminant
of f(z) is a perfect square in Z, then f(z) is reducible for each prime p.

5. If g is a member of a group G, then g is called a nongenerator of G if whenever
G is generated by a subset containing g, it is also generated by the subset with



g removed. It is a fact that the set of all nongenerators of G forms a subgroup;
that subgroup is called the Frattini subgroup of G.

Suppose that G is a finite p-group, p a prime, and F' is the Frattini subgroup
of G. Show that g € F if and only if g is in every subgroup of index p of G.
(You may need the fact that if H is a proper subgroup of G, then H is a proper
subgroup of its normalizer in G.) Conclude that G/F is an Abelian group of
exponent p.

6. Let R be an integral domain and let N: R— {0} - {n>0|{n€Z} bea
function for which N(1) = 1 and N(zy) = N(z)N(y), for all z,y in R — {0}.

a) Let K be the field of fractions of R. Show that N can be extended in a
unique way to a function from K — {0} into Q for which N(zy) = N(z)N(y) still
holds.

b) Show that R is a Euclidean domain (under NV) if and only if for each
x € K — {0} there is an element r € R for which N(z —r) < 1.

7. Let M be the free module over Q{z] with basis v, v, v3. A certain submodule
N of M has basis wy, wo, w3, with

w = (-2 —z+ 1 + (227 +2z)vy + (27 + 2%)vs
wy = (22° — 32% — 3z + 2)u, + (522 + 5z)ve + (227 + 22%)vs
wy = (2° —z)v + (22 +2)vs + (2 + 2%)vs.
a) There is a theorem which implies that M has a basis b;, b, b3 for which
d1by, dobo, dsbs are a basis for N for some dy, d», ds in Q[z] with d; dividing d» and

d, dividing d3. Write a carefully worded statement of such a theorem, giving all
pertinent hypotheses and all appropriate conclusions.

b) Find values for dy, ds, d3 for the example given here.

8. a)Suppose R is a commutative ring with identity and let N be the set of all
nilpotent elements of R. Show that NV is an ideal; it is called the nil radical of R.

b) The intersection of all maximal ideals of R is called the Jacobson radical of
R. If J is the Jacobson radical of R, show that N C J.

¢) Show that = € J if and only if 1+« is a unit of R. [Error here: the problem
should have said: 1+ rz s a unit for all T in R

d) Give an example for which N and J are different.



ALGEBRA GENERAL EXAMINATION
January 17, 1998

Question 1 (a) What can you say about groups G of the following orders |G|? (Give
reasons, making free use of any theorems you know.)

NIGl=2"+1:G=?

@ lG|=22+1:G =2
(b) What can you say about simple groups G of the following orders |G|? (Again, explain
your answer.)

1) |G|=2"+1:G=?

2) 1G] =23.5:G=?

(3) |G| = 22.3.5: G =7

All your answers should be quite short.

Question 2 (a) How many non-isomorphic abelian groups are there of order 3607

(b) Take the free abelian group on generators z, y and z. Divide it by the relations

2z + 4y + 5z = 0
6z + 8y + 10z = 0
8 + 12y + 20z = O

Write the resulting group as a direct sum of cyclic groups.

Question 3 Let R be a principal ideal domain. Suppose a and b are two non-zero elements
in R. Show that they have a least common multiple. That means the following. We adopt
the notation that @ | m means “a divides m”. You need to show that there exists an element
m € R, so that

3.1 a|mandb|m.

3.2 Ifa|z and b |z, then m | z.

Question 4 Let M be a module over a ring. A section A : B of M is a pair of submodules
A, B of M with B C A; a trivial section is where B = A. A submodule C of M covers a
section A: Bif (ANC)+ B= A, and avoids A: Bif ANC C B.

1



Algebra General Exam August 22, 1998

This is exam is worth 100 points. The number of points each part of a problem is
worth is indicated in brackets. If you can’t prove part of some problem, you can still
use the result of that part in proving subsequent parts.

(1)[20] Let G be a finite group of order 3-5- 17.

(a)[5] Show that the Sylow 17-subgroup is normal.

(b)[5] If there exzists an element of order 15 in G, show that the Sylow 3-
and 5-subgroups are also normal. [Hint: show they are properly contained in their
normalizers.) ’

(c)[5] If all Sylow subgroups of a finite group G are normal and abelian, show
that G itself is abelian.

(d)[5] If G is a finite abelian group of order p- ¢ - r for distinct primes p, g, r,
show that G is cyclic.

(2)[15] Let GL2(p) for a prime p denote the group of invertible 2 x 2 matrices
over the finite field F}, of p elements.

(a)[5] Find the order n of the group GLy(p).
(b)[5] For A in F}, the find the order m of the subgroup

Gr={A€GLyp) | A(g i)A“:(S i)}

(c)[5] Find how many 2 x 2 matrices over F, are similar to the matrix

Al
( 0 A ) [Hint: express it in terms of m and n.]

(3)[10] For an abelian group A, the dual group A* is defined to be Hom(A4,U)
where the circle group U is the multiplicative group of complex numbers of
modulus 1 (the unit circle in the complex plane). Here Hom(A, B) denotes
the abelian group of homomorphisms of A into B (under (f + g)(a) = f(a) +
g(a)); you may use the additivity property Hom(A; & A2, B) & Hom(A,,B) ®
Hom{ Ay, B) and the isomorphism property that if 4 =% A’ B = B’ then
Hom(A,B) = Hom(A', B').

(a)[5] Prove that Z} is cyclic of order n.

(b)[5] Prove that A* is isomorphic to A for any finite abelian group A.

(4)[10] Let a, b, c be distinct elements of an integral domain D. Show that there
are unique elements z,y, z in D such that

z+y+z =0
az + by +cz =0.
a’z+by+ctz =0



Algebra General Exam August 21, 1999

This is exam is worth 100 points. The number of points each part of a problem
is worth is indicated in brackets. If you can’t prove part of some problem, you can
still use the result of that part in proving subsequent parts. '

(1)[10] Let P be a p-Sylow subgroup of a finite group G for some prime p
dividing the group order. We know by Sylow theory that the index of the
normalizer of P is congruent to 1 modulo p,

[G : Ng(P)] =1 (mod p).

Show that the same holds for any larger subgroup M: if G 2 M 2 N¢(P)
then

[G: M] =1 (mod p).
[Hint: show N (P) = Ng(P).]

(2)[20] (a)[5] Show that any finite group G has a faithful action on some set S
of cardinality |S| = |G|.
From now on (in parts b,c) assume that G is a finite p-group for a prime
p, having the property that it has a unique subgroup G, of order p. [The
quaternion group is such a group, with p =2 and G2 = {1, ~1}]
(b)[5] Show that G, is invariant under all endomorphisms of G, f(G,) C
G, for all homomorphisms f: G = G.

(c)[10] Show that G, “needs room” in order to act: whenever G acts on
a finite set S of size |S| < |G|, the subgroup G, acts trivially. Conclude that
G can only act faithfully on sets of size > |G|.

(3)[10] The ezponent e of a group G is defined as the smallest positive integer
k such that z* = 1 for all z € G; for an abelian group, in additive notation
this is the smallest k such that kz = 0 for all elements. If n1,n2,...,7;
are the invariant factors of a finite abelian group A (so n|n,-1]. .. |ng|n1),
prove that A has exponent e = ny, and has an element of order precisely e.
Conclude that A has an element of order m iff m divides the largest invariant
factor n;.



General Exam-Algebra

August 14%, 2000
1. Let V be a non-zero vector space over the field of reals R. Show that V cannot be presented
as the union of three proper subspaces.
2. For a field K, we denote by K(x) the field of rational functions in one variable x over K. Prove
that C(x) is not the algebraic closure of R(x). (R is the real numbers and C the complex
numbers.)
3. (). Let G be a finite group of order p®m where p is a prime relatively prime to m, and let G,
denote the set of elements of G whose order is p' for some i>0. Show that
|G,|<[G:N](p*-1) where N is the normalizer of some Sylow p-subgroup, with
equality holding iff any two distinct Sylow p-subgroups have trivial intersection.
(ii). Let G be a finite group of order pq® for distinct primes p and q. Assume that G does not

have elements of order pq, and that G has just 1 Sylow g-subgroup.

Show that |G,=¢*(p™1).

Show that any two distinct Sylow p-subgroups have only the identity in common.
4. Let A denote the set of complex numbers of the form a+bv-6, with a, b € Z.

(i) Show that A is a subring of C.

(ii) Let J be the ideal of A generated by 5 and 2+/=6. Show that J*A.

(iii) Show that J is prime.

(iv) Show that the ideal 5A is not prime.
5. Let A be a commutative ring with 1. Show that A[x, x'] is Noetherian if and only if A is.
(Reminder. A Noetherian ring is one in which every ideal is finitely generated. You may use any
characterization of a Noetherian ring you know; you do not need to justify it.)
6. Let R be a ring with 1 and suppose that N is a non-zero left R-module. Show that N is
indecomposable if and only if Homg(N,N) does not contain an idempotent e with e=0 and e=1.
(Reminders. A module is indecomposable if it not the direct sum of two non-zero submodules.
An element s of a ring is idempotent if s?=s.)
7. Let K be a Galois extension of Q, the rational numbers, with the Galois group G(K:Q)
isomorphic to A,. (A, is the group of even permutations of 4 objects.)
(i) What is the degree of K over Q?
(ii) Show that there is a polynomial f of degree 4 so that K is isomorphic to the splitting field of f
over Q.

"Let r,,1,,13,7, be the roots of fin K. Let A=[[(r; - 1.
1<i<js4

(iii) Show that A*is in Q.
(iv) Is A in Q? Why or why not?
8. A certain Z-module M is generated by elements a,b, and c. Furthermore 2a+4b+2¢=0,
4a+4b+4c=0, and 2a+4b+14c=0. Assume all other Z-combinations of a,b,c which are O can be
derived from these three. (i.e. these are the defining relations for the module.) Find the invariant
factors for this module and describe M up to isomorphism as a direct sum of cyclic submodules.
9. Let X be an invertible matrix with complex entries and let Y=X".

(). Show that if X is an eigenvalue for X then A is an eigenvalue for Y.
(ii). Show that if the Jordan canonical form of X has a kxk Jordan block with diagonal
entries A, then the Jordan canonical form of Y has a kxk Jordan block with diagonal entries AL



Algebra, April 1977

1. Let C be the field of complex numbers, and let A be an n X n matrix over C. As usual,
we define e = o %I; =I+A+ %Az + %A?’ + - -+, where the convergence of the series
is that of C™*,

(a) Use the Jordan canonical form to show that det e4 = e7"4,

(b) If A= ((1]1), what is e4?
2. Let k be a field of ¢ elements where ¢ is finite.

(a) Show that g = p™ is a power of a prime.

(b) Show that k is the splitting field of the equation ¢ — x = 0 and thus is the unique
field of ¢ elements.

(c) The multiplicative group k* of non-zero elements of k satisfy the equation 97 ' —1 =
0. Why does this imply that £* is a cyclic group of order ¢ — 17

3. Use the fundamental theorem for abelian groups to show that in the ring of integers mod
p", for p an odd prime, the multiplicative group of integers relatively prime to p has a
subgroup of order p if n > 1.

4. Let R be a commutative ring with 1 and let M be a maximal ideal in R. Show that R/M
is a field.

(a) Show that if R is a Euclidean Integral Domain then every ideal generated by an
irreducible element is maximal.

(b) Let k be a field and R = k[z] the polynomial ring in one variable over k. If p(z) = p
is an irreducible polynomial in k[z| use 4. and (a) to show that there is a finite
extension K of k in which p(z) has a root.

(c) If k = Q is the rational field and p(z) = 2®+x+1 show that p(x) is indeed irreducible
over (). What is the field generated in (b) for this example?

5. Let G = S,, be the symmetric group on n letters.

(a) Show that the alternating group A, on n letters is a normal subgroup of S,.
(b) Show that A, is generated by the three-cycles (1,2,4),i = 3,4, ..., n.
(c) Show that if H is a normal subgroup of A,, for n > 3 and H contains a 3-cycle, then



(d) Is the equation f(x) solvable by radical? Give reasons for your answer.

7. Let A be a normal (A*A = AA*) n x n complex matrix. Show that there is a polynomial
f(z) with complex coefficients such that A* = f(A). Thus any n x n matrix B which
commutes with A also commutes with A*. (Assume the spectral theorem for A.)

8. If A and B are algebras over a field k£ define their tensor product C' = A ®; B and show
that C' is an algebra over k.

(a) Let A and B each have units and let Z(A) = Z1, Z(B) = Zy, and Z(C) = Z
designate the centers of A, B, and C respectively. Show that Z = Z; ® Z,.



Algebra, November 1977

1. How many non-isomorphic fields are there with exactly 3 elements? Exactly 6 elements?
Exactly 9 elements?

2. Describe the following tensor products of modules in more explicit form. (Z = integers).

(1) Zy®z, Z4
(il) Zo ®z Z3
(i) Zo ®z, Z

3. Give an example of an inseparable extension of degree 7 over () (the rationals).

4. Define “finite” and “algebraic” extensions of fields. Does algebraic imply finite? Does
finite imply algebraic? Prove or give counterexample.

5. Give an example of a non-Noetherian commutative ring.

6. Find all eigenvectors and eigenvalues of the linear operator D = % (differentiation) on
the space V' = C°°(R) of infinitely differentiable complex-valued functions on the real line
R. The finite-dimensional subspace V,, of complex polynomials of degree < n is invariant

under D; what is the Jordan canonical form of the restriction of D to this subspace?

7. Consider groups of order 70. Are they all abelian or solvable? Can you say anything
regarding their normal subgroup structure?



Algebra, May 1978

1. Give an example of a nonabelian simple group. Do not prove your assertion.

2. Let G be a finite p-group acting linearly on a finite dimensional vector space over Z,.
Prove G has a non-zero fixed point.

3. Describe the semisimple 4-dimensional algebras over the reals R. (No proofs required.)

W

. Describe the modules over the ring M, (F') of n x n matrices over a field F.

ot

. Is the ring C'[0, 1] of all real-valued continuous functions on the interval [0, 1] Noetherian
(i.e., does it satisfy the ascending chain condition on ideals)? Justify your assertion.

6. Give an example of a torsion free abelian group which is not free. Can you give an example
which is finitely generated?

7. Find the inverse of the matrix

_ o O
O = O
o O =

8. (a) What is the Jordan canonical form of the matrix

0 00O
0 00O
0 00O
1100

(b) Give the eigenvalues, characteristic and minimum polynomials for this matrix.

9. Show that any two eigenvectors with distinct eigenvalues of the matrix

o J O =
o O O O
S = O
o O O

are orthogonal.

10 (Yive a polvnomial whoge enlittine feld i€ a field with O elemente Clan thie he done in a



12. Fill in the blank:

Lo @7, Ly =

Le Q7L =

2

Ze @7,Q

HOHI(ZG, 214) =

13. Define “projective module.” Is there a dual notion?



Algebra, September 1978

1. Prove that the set of rational 3 x 3 matrices which commute with the matrix

O = O

0
0
1

N =~ O

is a field.

2. Let V be a 12-dimensional vector space over the field GF'(3). Let T be a linear transfor-
mation whose characteristic polynomial factors into linear factors over GF'(3). Find all
possible Jordan normal forms given the table:

Transformation Rank
T 10

T? 9

T3 9

T-1 12
T—-2 9

(T — 2)? 7

(T —2)3 6

3. A certain group of order 60 is known to have exactly four members of order 5. Explain
why they, along with the identity, form a normal subgroup.

4. (a) Show that the Galois group over the rationals of every irreducible 5th degree poly-
nomial contains an element of order 5.

(b) Show that the Galois group over the rationals of z* + 1 does not contain an element
of order 4.

(c) Show that the Galois group over the rationals of z* 4+ ® + 1 contains an element of
order 4.

5. Let M be a module over an integral domain A with quotient field K. Show that M is
torsion free if and only if 0 = M — M ®4 K is exact.



7. Let A be a simple Artinian ring, and let N be a minimal right ideal.

(a) Viewing N as a right A-module, show that the ring D = Enda(/N) of A-linear
endomorphisms of N is a division ring.
(b) Prove AN = A.

(c) Let k be minimal such that there exist mq,...,m; in N and aq,...,a; in A with
1=aymi+---+ apmyg. Prove that the map

N®---dN—- A
—_—
k—copies
given by (x1,...,x) — a1z + - - - + agry is an isomorphism of right A-modules.

(d) Deduce A = Enda(N*) ~ M (D), the algebra of k x k matrices over D. What
famous theorem is this?



Algebra, May 1980

1. Describe all abelian groups of order 375. Be sure that you have at least listed each
possibility up to isomorphism in some fashion.

2. A famous theorem of Hilbert states that k[xi,...,z,] is a Noetherian ring when k is a
field. Prove in detail that every commutative k-algebra, A, which can be generated as a
k-algebra by a finite number of elements is also Noetherian, that is, satisfies the ascending
chain condition.

3. Give the eigenvalues of the following matrices. What are their Jordan normal forms?

10 00 1 -1 00
01 0O 0 -1 00
00 -1 0 0 010
00 0O 0 000

4. Let Q(X) be a quadratic form for X = (x1,72) in R? given by
Q(X) = ax} + bxyxa + cl.
Recall that the bilinear form B(U, V') associated with a quadratic form Q(X) is given by
B(U,V) =QU+V)=QU) = Q(V).

(a) What is the associated (symmetric) bilinear form for Q(X)?
(b) Show that the associated (symmetric) bilinear form for Q(X) is non-degenerate if
and only if b? — 4ac # 0.
5. Let A be a finite-dimensional algebra over the field, C, of complex numbers.

What can you say about A in the following cases?

(a) A is simple.

(b) A is semi-simple.

(c) Let T : V. — V be a linear transformation on the finite-dimensional vector space
over C. Let A = CI[T] be the algebra of polynomials in 7" over C. When is A a
simple algebra?

(d) When is the algebra of part (c) semi-simple and what can you say about 7" in this
case?



Algebra, September 1980

1. Describe all abelian groups of order 80. Be sure that you have listed each possibility once
and only once up to isomorphism.

2. A field is a trivial example of a principal ideal domain (P.I.D.). All abelian groups are

modules for another well-known P.I.D., namely the ring Give a third
example of a P.I.LD. Show that every homomorphic image of a P.I.D. is a principal ideal
ring.

3. Suppose A is a 4 X 4 matrix with complex entries with p(A4) = 0 for p(t) = t* — 7t + 10
and trace A = 11. Knowing trace A = 11, it is relatively easy to find all possible Jordan
canonical forms for A. Find these forms and briefly explain your reasoning.

What is the determinant of A?

4. Let V be a finite-dimensional vector space over a field k. The dual, V*, of V is defined
as the collection of all linear maps V' — k (often called “linear functionals”) with the
vector space operations defined in the obvious way. If vy,... v, is a basis for V, define
vy, ...,vr in V* as the unique linear maps V' — k satisfying

. 1 ifi=j,
”i(”ﬂ'):‘sij:{ 0 ifi# .

(a) Why, exactly, do there exist linear maps satisfying this condition?

(b) Show that vj,..., v’ is a basis for v* (often called the “dual basis” associated with
U1,y ,’Un).

5. (a) Explain what it means to say that a sequence

0—-U—-V->W-=20

of vector spaces and linear maps is exact.
What does it mean to say that the sequence

of vector spaces and linear maps is exact?

(b) If the sequence (x) is exact and each V; is of finite dimension, m;, show that



Let T': V — V be a linear transformation on the finite-dimensional vector space, V', over
C. Let A = C[T] be the algebra of polynomials in 7" over C. Under these hypotheses:
(c) When is A a simple algebra?
(d) When A is semi-simple and what can you infer about 7" in this case?
7. Let F = Q(v/2,4/3). It may be shown, and you may assume, that the Galois group is of

order 4 and isomorphic to the “Klein 4-group” (the direct product of a cyclic group of
order 2 with itself). Describe all the subfields of F' and justify your description.



Algebra General Exam August 22, 1998

This is exam is worth 100 points. The number of points each part of a problem is worth is indicated
in brackets. If you can’t prove part of some problem, you can still use the result of that part in proving
subsequent parts.

(1)[20] Let G be a finite group of order 3 -5 - 17.

(a)[5] Show that the Sylow 17-subgroup is normal.

(b)[5] If there exists an element of order 15 in G, show that the Sylow 3- and 5-subgroups
are also normal. [Hint: show they are properly contained in their normalizers.]

(c)[5] If all Sylow subgroups of a finite group G are normal and abelian, show that G itself
is abelian.

(d)[5] If G is a finite abelian group of order p - ¢ - r for distinct primes p, ¢, r, show that G
is cyclic.

(2)[15] Let GL2(p) for a prime p denote the group of invertible 2 x 2 matrices over the finite
field F), of p elements.

(a)[5] Find the order n of the group GLa(p).

(b)[5] For A in F}, the find the order m of the subgroup

Gy = {A€GLy(p) | A(())‘ i)A‘lz(é i)}

(c)[5] Find how many 2 x 2 matrices over F), are similar to the matrix ( ())\ i\ ) [Hint:

express it in terms of m and n.]

(3)[10] For an abelian group A, the dual group A* is defined to be Hom(A,U) where the
circle group U is the multiplicative group of complex numbers of modulus 1 (the unit circle
in the complex plane). Here Hom(A, B) denotes the abelian group of homomorphisms of A
into B (under (f + g)(a) = f(a) + g(a)); you may use the additivity property Hom(A; &
Ay, B) = Hom(Ay, B) ® Hom(Ajy, B) and the isomorphism property that if A >~ A’ B ~ B’
then Hom(A, B) = Hom(A', B').

(a)[5] Prove that Z; is cyclic of order n.

(b)[5] Prove that A* is isomorphic to A for any finite abelian group A.

(4)[10] Let a,b, ¢ be distinct elements of an integral domain D. Show that there are unique
elements z,y, z in D such that

r+ytz =0

ar + by + cz =0.

20 L B2, L 20 ()



for all elements a, b of R. Show that if D is a derivation, and in addition D? = 0 and R has no
2-torsion (2a = 0 implies a = 0), then the “exponential map” Id+ D is an automorphism of R.

(6)[15] Let V' be an n-dimensional vector space over the complex numbers, and let 7" be a linear
transformation from V' to itself whose minimum polynomial p(z) has degree 2.

(a)[5] Find all possible Jordan Canonical Forms for 7'. [Hint: consider the possible factorizations
of p(x) over K.

(b)[5] Show that V is a direct sum of T-invariant subspaces, each of which has dimension
less than or equal to 2.

(c)[5] Show that T" has an eigenvalue A such that the A-eigenspace (the set of all eigenvectors
for the eigenvalue A, together with the zero vector) has dimension at least n/2.

(7)[10] Suppose that K is a finite Galois extension of the rational field Q) which contains v/3
and has cyclic Galois group Gal(K/Q). Show that L = Q(v/3) is the only quadratic extension
of () contained in K.

(8)[10] (a)[5] If F' denotes a field and Z the ring of integers, decide which of the following rings
are PIDs and which are UFDs (no proofs are necessary):

F, Z, Z[x], Flz,y], F[lz]] (formal power series).

(b)[5] The Krull dimension of a commutative ring R is the longest chain of prime ideals
properly contained in R, i.e. the largest integer n such that there exists a chain Py < P, <
... < P, < R (Py = 0 allowed if prime) of prime ideals P, in R. If R is a PID, find its Krull
dimension.



Algebra General Exam August 21, 1999

This is exam is worth 100 points. The number of points each part of a problem is worth is indicated
in brackets. If you can’t prove part of some problem, you can still use the result of that part in proving
subsequent parts.

(1)[10] Let P be a p-Sylow subgroup of a finite group G for some prime p dividing the group
order. We know by Sylow theory that the index of the normalizer of P is congruent to 1 modulo

p?
|G : N¢(P)] =1 (mod p).

Show that the same holds for any larger subgroup M: if G O M O Ng(P) then
(G : M] =1 (mod p).
[Hint: show Ny (P) = Ng(P).]

(2)[20] (a)[5] Show that any finite group G has a faithful action on some set S of cardinality

S| = 1G]
From now on (in parts b,c) assume that G is a finite p-group for a prime p, having the property
that it has a unique subgroup G, of order p. [The quaternion group is such a group, with p = 2
and Gy = {1, —1}]

(b)[5] Show that G, is invariant under all endomorphisms of G, f(G,) C G, for all homo-
morphisms f: G — G.

(¢)[10] Show that G, “needs room” in order to act: whenever G acts on a finite set S of
size |S| < |G, the subgroup G, acts trivially. Conclude that G can only act faithfully on sets
of size > |G].

(3)[10] The ezponent e of a group G is defined as the smallest positive integer k£ such that
2% =1 for all z € G; for an abelian group, in additive notation this is the smallest & such that
kx = 0 for all elements. If ny,na, ..., n, are the invariant factors of a finite abelian group A (so
ny|ny—1| ... |n2lny), prove that A has exponent e = n;, and has an element of order precisely e.
Conclude that A has an element of order m iff m divides the largest invariant factor n;.



(4)[10] If R is a (commutative, unital) integral domain, find all R-linear automorphisms of the
polynomial ring R[z] (all ring automorphisms ¢ with ¢(a) = a for all constant polynomials
a € R). [If you can’t do the general case, do the case when R = F is a field.]

(5)[10] Let f(z) = anz™ + an—12" '+ ... +ag (ap # 0) be a complex polynomial of degree n > 1,

and f’ its derivative. Let a1, ..., be the n roots of f and af,...,al,_; the n — 1 roots of the
derivative (listing each root as many times as its multiplicity). Show that the average of the
roots aq,...ay, of f equals the average of the roots af,...,a, ; of f'. [Hint: Use the relations

between the coefficients of a polynomial and the roots of that polynomial.]

(6)[10] Describe (in terms of Jordan form) all 2 x 2 complex matrices which are similar to their

square. [Hint: there are more matrices, Horatio, than are dreamt of in your philosophy!]

(7)[10] (a)[5] Show that the ring of 2n x 2n matrices My, (F') over a field F' for n > 1 is “alge-
braically closed” with respect to polynomials of degree 2, in the sense that every polynomial
p(z) = 2? + ax + B € F[z] of degree 2 has a “root” A € My, (F) (in the sense that p(A) is the
zero matrix). Can you generalize this to polynomials of degree d?

(b)[5] How many real 2 x 2 matrices A € My(R) are roots of the polynomial p(z) = 2%+ 17

(8)[10] If F is a finite field show that every element o € F' is the sum « = 37 + 35 of two squares
(for some [y, B2 € F).

(9)[10] If p is a prime number congruent to 1 mod 8, show that 2 is a “quadratic residue” mod
p, i.e. there is an integer a such that a®> = 2 modulo p. [Hint: show there is an ¢ € Z, with ! = —1,

and o =2 fora = e+ e 1]



PROOFS

Proof (1): (1) Ny (P) = M N Ng(P) (always) = Ng(P) (when M D Ng(P)). (2) Using Sylow on both G
and M (noting that P remains a p-Sylow subgroup of M) shows the indexes of the normalizers is congruent to
1,80 [G: Ng(P)]=1,[M: Ng(P)]=[M:Ny(P)]=1, 1 =[G: Ng(P)]=[G: M][M : Ng¢(P)|=[G: M]1=
[G: M].

Proof (2a): Left-regular representation.

Proof (2b): G, is in fact the set of all elements of order 1 or p [any element g of order p generates a
cyclic subgroup of order p, which by uniqueness must be G, therefore g € Gp], hence is invariant under any
homomorphism.

Proof (2c): For any s € S we have |G| > |S| > G -s = [G : Stab(s)] (orbit size formula) = |G|/|Stab(s)]
so |Stab(s)| > 1. Thus |Stab(s)| is a power of p, in particular (by Cauchy) has an element of order p, hence a
cyclic subgroup of order p, which by uniqueness must be G, : G}, C Stab(s). Thus G, fixes all points s, thus
acts trivially on S.

Proof (3): In A = @ Z,,, any v = ) x; has 2™ = > 't = 1 since ny is a multiple of n;, and this is
the smallest such power since the generator of Z,, has order exactly n;. If m divides n; then there exists
Zm C Zp, € A. Conversely, if A has an element z of order m then m divides the exponent ny (by the above).

Proof (4) The automorphism are precisely all “linear” transformation ¢, 4(f(z)) = f(ax + b) for invertible
a and arbitrary b in R, with inverse ¢,-1__,-1;. Indeed, if o(z) = f(z), ¢~ (z) = g(z), for f, g of degrees n,m,
then z = p(p () = p(g(x)) = g(f(x)) shows 1 = mn (over a domain the degree of the product is n +m and
the degree of the composite is nm), son =m =1, f(x) = ax+b, g(z) = cx+d,xz = c(ax+b)+d = (ca)x+(cb+d)
implies ca = 1 (so a is invertible with inverse ¢) and ¢cb+d = 0 (so d = —cb).

Proof (5): oLy i = —3(*57), 7ty Tin o =~ (P50m=).
Proof (6) (1) if the distinct diagonal entries of the Jordan form A are \, u then A? has diagonal entries
A2, u? then we either have (1a) A = A2 u = p?, so A\, u = 0,1 and by distinctness A\ = 1,z = 0 and we have

an idempotent A ~ ( (1) 8 ) , or we have (1b) A = p2, = A2, 50 M = X # 0,1,A3 = 1, A = ( is a primitive
cube root of unity and g = A? = A71, and we have A ~ ( g <91 ) . (2) If A = X then A% = X\?] and we
must have A = A2, so again we have idempotents A = I,0. (3) If A ~ ( ())\ i\ ) is a 2 x 2 Jordan block, then

2
A% ~ ( )(\) ié\ ) , 50 again A = A2, A = 1, 0; but we can’t have A = 0 (4 would be nilpotent of index 2, A2 = 0

nilpotent of index 1, so not similar), hence A ~ ( (1) 1 ) , A2 ~ ( (1) ? > ~ A

Proof (7a) Any p(z) has root A consisting of n blocks Bs strung together down the diagonal (hence the

— 1
_g 0 ) , and Z,,_o the
(n —2) x (n — 2) zero matrix. More generally, any polynomial p(z) = ¢ + ag_1797 1 + ... + a1z + ap has root
obtained by duplicating its d X d companion matrix n > 1 times to obtain a dn X dn matrix.

need for even size 2n), where By is the 2 X 2 companion matriz of p(x), namely (

Proof (7b): There are infinitely many distinct conjugates of any solution A, and there is only one Jordan

form for a real matrix having minimum polynomial dividing 22 + 1, namely ( ! ) with rational canonical

0
0 —1

ya o N



Proof (9): Z; is a cyclic group of order p—1 divisible by 8, so it has a unique cyclic subgroup < € > of order
8; % is not 1, yet it is a square root of unity in the field, so it must be —1. The (¢ + e })2 =e? +2 472 =2
because 72,2 are negatives of each other: both have the same square (—1)~! = —1, yet they are not equal
(since e* # 1), so their quotient squares to 1 but isn’t one, and must be the only other square root of unity,
namely —1.



(GENERAL ExXAM - ALGEBRA
Aucust 14, 2000

. Let V' be a vector space over the field of reals R. Show that V' cannot be
presented as the union of three proper subspaces.

. Let K be an arbitrary field, G be a finite group of order n > 1. Show that
the group algebra K[G] has zero divisors. Does this result remain true for
infinite groups?
. Prove or disprove: A commutative local ring has only one nonzero prime
ideal (by definition, a commutative ring is called local if it has only one
mazximal ideal).

. For a field K, we denote by K(z) the field of rational functions in one
variable z over K. Prove or disprove: C(x) is the algebraic closure of R(x).

. Let K be the splitting field of the polynomial f(z) = 2'® — 1 over Fj5 (the
field of 5 elements). Determine the Galois group Gal(K/F5).

. Let a and b be positive relatively prime integers. Show that any integer
N > ab can be written in the form N = ax + by where x, y are integers > 0.

. (a) Let G be a finite group of order p®m where p is a prime relatively prime
to m, and let G, denote the set of elements of G whose order is p’ for some
¢ > 0. Show that

| Gp [< (G NI(p™ 1)

where N is the normalizer of some Sylow p-subgroup, with equality holding
iff any two distinct Sylow p-subgroups have trivial intersection.

(b) Let G be a finite group of order p®q? for distinct primes p, . Assume
that G' does not have elements of mixed order (i.e. the order of any element
is either p’ or ¢/) and has a normal Sylow g-subgroup. Show that

| Gy |=¢°(p* — 1).

Using (a), conclude that in this case any two distinct Sylow p-subgroups
intersect trivially.

(over, please)



8.

9.

10.

Determine all possibilities for the Jordan canonical form of a matrix A €
G L(C) given that A is conjugate to ‘A~! where ! denotes the operation of
taking the transpose of a matrix.

Let R denote the set of complex numbers of the form a+b+/—6 with a, b € Z.
(i) Show that R is a subring of C.

(ii) Let a be the ideal of R generated by 5 and 2 + +/—6. Show that a is
proper (i.e. a # R). (Hint. Use the conjugate 2 — v/—6.)

(iii) Show that the ideal a is prime, while the ideal b C R generated by
5 alone is not prime. (Hint. For the first part, try to identify the
quotient ring R/a.)

Let R be a unital commutative ring. From the usual theory of determinants

for matrices over R, we know that if M ~ R"™ is a free module we can

uniquely define the determinant det(7") to any 7' € Endg(M). Suppose M

is only a direct summand of a free module, M & M’ ~ R" for some (finite)

n. Define T = T @ 1 € Endg(M @ M’) and set

detM7M/ (T) = det (T)

Show that this is independent of the complement chosen: if also M @& M "~
R™and T =T @ 1yn, then det(T") = det(T") as elements of R. (Hint. Show
that there are two

51, Sy € EHdR(M D M’ ©MoD M“) ~ EHdR(Rn+m)

with det(Sl) = detM7M/(T), det(Sg) = detM7M~(T), and Sy = PSIP_I for
an invertible P € Endg(M & M’ & M & M").) Conclude that there is a well-
defined determinant for endomorphisms of such M’s, which agrees with the
usual determinant for free modules M.



Algebra, April 1977

1. Let C be the field of complex numbers, and let A be an n X n matrix over C. As usual,
we define e = o %I; =I+A+ %Az + %A?’ + - -+, where the convergence of the series
is that of C™*.

(a) Use the Jordan canonical form to show that det e4 = e7"4,

(b) If A= ((1]1), what is e4?
2. Let k be a field of q elements where ¢ is finite.

(a) Show that g = p™ is a power of a prime.

(b) Show that k is the splitting field of the equation 7 — x = 0 and thus is the unique
field of ¢ elements.

(c) The multiplicative group k* of non-zero elements of k satisfy the equation 97 ' —1 =
0. Why does this imply that £* is a cyclic group of order ¢ — 17

3. Use the fundamental theorem for abelian groups to show that in the ring of integers mod
p", for p an odd prime, the multiplicative group of integers relatively prime to p has a
subgroup of order p if n > 1.

4. Let R be a commutative ring with 1 and let M be a maximal ideal in R. Show that R/M
is a field.

(a) Show that if R is a Euclidean Integral Domain then every ideal generated by an
irreducible element is maximal.

(b) Let k be a field and R = k[z] the polynomial ring in one variable over k. If p(z) = p
is an irreducible polynomial in k[z] use 4. and (a) to show that there is a finite
extension K of k in which p(z) has a root.

(c) If k = Q is the rational field and p(z) = 2*+x+1 show that p(x) is indeed irreducible
over ). What is the field generated in (b) for this example?

5. Let G = S,, be the symmetric group on n letters.

(a) Show that the alternating group A, on n letters is a normal subgroup of S,.
(b) Show that A, is generated by the three-cycles (1,2,7),i = 3,4, ..., n.
(c¢) Show that if H is a normal subgroup of A,, for n > 3 and H contains a 3-cycle, then
H=A,.
6. Let k = @ be the rational field and let f(z) = 23 + 5.

(a) Show that f(x) is irreducible over Q.
(b) Use Galois theory to show that the Galois group of f(z) cannot be of order 3.
(c¢) Find the Galois group of f(x).



(d) Is the equation f(x) solvable by radical? Give reasons for your answer.

7. Let A be a normal (A*A = AA*) n x n complex matrix. Show that there is a polynomial
f(z) with complex coefficients such that A* = f(A). Thus any n x n matrix B which
commutes with A also commutes with A*. (Assume the spectral theorem for A.)

8. If A and B are algebras over a field k£ define their tensor product C' = A ®; B and show
that C' is an algebra over k.

(a) Let A and B each have units and let Z(A) = Z1, Z(B) = Zy, and Z(C) = Z
designate the centers of A, B, and C respectively. Show that Z = Z; ® Z,.



Algebra, November 1977

1. How many non-isomorphic fields are there with exactly 3 elements? Exactly 6 elements?
Exactly 9 elements?

2. Describe the following tensor products of modules in more explicit form. (Z = integers).

(i) Zy®z, Z4
(il) Zo ®z Z3
(i) Zo ®z, Z

3. Give an example of an inseparable extension of degree 7 over () (the rationals).

4. Define “finite” and “algebraic” extensions of fields. Does algebraic imply finite? Does
finite imply algebraic? Prove or give counterexample.

5. Give an example of a non-Noetherian commutative ring.

6. Find all eigenvectors and eigenvalues of the linear operator D = % (differentiation) on
the space V' = C°°(R) of infinitely differentiable complex-valued functions on the real line
R. The finite-dimensional subspace V,, of complex polynomials of degree < n is invariant

under D; what is the Jordan canonical form of the restriction of D to this subspace?

7. Consider groups of order 70. Are they all abelian or solvable? Can you say anything
regarding their normal subgroup structure?



Algebra, May 1978

10.

11.

. Give an example of a nonabelian simple group. Do not prove your assertion.

. Let G be a finite p-group acting linearly on a finite dimensional vector space over Z,.

Prove G has a non-zero fixed point.
Describe the semisimple 4-dimensional algebras over the reals R. (No proofs required.)
Describe the modules over the ring M, (F') of n x n matrices over a field F'.

Is the ring C'[0, 1] of all real-valued continuous functions on the interval [0, 1] Noetherian
(i.e., does it satisfy the ascending chain condition on ideals)? Justify your assertion.

Give an example of a torsion free abelian group which is not free. Can you give an example
which is finitely generated?

Find the inverse of the matrix

— o O
o = O
o O =

(a) What is the Jordan canonical form of the matrix

0 00O
0 00O
0 00O
1100

(b) Give the eigenvalues, characteristic and minimum polynomials for this matrix.
Show that any two eigenvectors with distinct eigenvalues of the matrix

8

o J O
o O O O
S = O

0
0
0

are orthogonal.

Give a polynomial whose splitting field is a field with 9 elements. Can this be done in a
similar way for a field of 18 elements?

Say what you can about the intermediate subfields of a Galois extension E/F with Galois
group the symmetric group Ss.



12. Fill in the blank:

Lo @7, Ly =

Le Q7L =

2

Ze ®7,Q

HOHI(ZG, 214) =

13. Define “projective module.” Is there a dual notion?



Algebra, September 1978

1. Prove that the set of rational 3 x 3 matrices which commute with the matrix

o = O
_— o O
N =~ O

is a field.

2. Let V be a 12-dimensional vector space over the field GF'(3). Let T be a linear transfor-
mation whose characteristic polynomial factors into linear factors over GF'(3). Find all
possible Jordan normal forms given the table:

Transformation Rank
T 10

T? 9

T3 9

T-1 12
T—-2 9

(T — 2)? 7

(T —2)3 6

3. A certain group of order 60 is known to have exactly four members of order 5. Explain
why they, along with the identity, form a normal subgroup.

4. (a) Show that the Galois group over the rationals of every irreducible 5th degree poly-
nomial contains an element of order 5.

(b) Show that the Galois group over the rationals of z* + 1 does not contain an element
of order 4.

(c) Show that the Galois group over the rationals of z* 4+ ® + 1 contains an element of
order 4.

5. Let M be a module over an integral domain A with quotient field K. Show that M is
torsion free if and only if 0 = M — M ®4 K is exact.

6. A local ring is defined to be a commutative ring with unit having a unique maximal ideal.

(a) Prove a commutative ring, R, is local if and only if the non-units form an ideal.

(b) A domain, V, is called a valuation domain if for a,b € V either a divides b or b
divides a. Show that a valuation domain is a local ring.

(c) Prove that a local ring has no idempotents (other than 1).



7. Let A be a simple Artinian ring, and let N be a minimal right ideal.

(a) Viewing N as a right A-module, show that the ring D = Ends(/N) of A-linear
endomorphisms of N is a division ring.

(b) Prove AN = A.

(c) Let k be minimal such that there exist mq,...,m; in N and aq,...,a; in A with
1=aymi+---+ apmyg. Prove that the map

N®---dN—- A
—_—
k—copies
given by (x1,...,x) — a1z + - - - + axry is an isomorphism of right A-modules.

(d) Deduce A = Enda(N*) ~ M (D), the algebra of k x k matrices over D. What
famous theorem is this?



Algebra, May 1980

1. Describe all abelian groups of order 375. Be sure that you have at least listed each
possibility up to isomorphism in some fashion.

2. A famous theorem of Hilbert states that k[xy,...,z,] is a Noetherian ring when k is a
field. Prove in detail that every commutative k-algebra, A, which can be generated as a
k-algebra by a finite number of elements is also Noetherian, that is, satisfies the ascending
chain condition.

3. Give the eigenvalues of the following matrices. What are their Jordan normal forms?

10 00 1 -1 00
01 00O 0 -1 00
00 -1 0 0 010
00 0O 0 000

4. Let Q(X) be a quadratic form for X = (x1,75) in R? given by
Q(X) = ax? + bxyxs + c3.
Recall that the bilinear form B(U, V') associated with a quadratic form Q(X) is given by
B(U,V) =QU+V)—-QU) = Q(V).

(a) What is the associated (symmetric) bilinear form for Q(X)?
(b) Show that the associated (symmetric) bilinear form for Q(X) is non-degenerate if
and only if b? — 4ac # 0.
5. Let A be a finite-dimensional algebra over the field, C, of complex numbers.

What can you say about A in the following cases?

(a) A is simple.
(b) A is semi-simple.
(c) Let T : V. — V be a linear transformation on the finite-dimensional vector space

over C. Let A = CI[T] be the algebra of polynomials in 7" over C. When is A a
simple algebra?

(d) When is the algebra of part (c) semi-simple and what can you say about 7" in this
case?

Note: In parts (c) and (d), your answer should specify conditions on the transformation
T.

6. Let FF = Q(¢) where ( is a primitive n'* root of 1. Let a be a non-zero element of F
which is not an n'® root in . Show that the galois group of the field K = F (3/a) over
F' is abelian.



Algebra, September 1980

D.

6.

. Describe all abelian groups of order 80. Be sure that you have listed each possibility once

and only once up to isomorphism.

. A field is a trivial example of a principal ideal domain (P.I.D.). All abelian groups are

modules for another well-known P.I.D., namely the ring Give a third
example of a P.I.LD. Show that every homomorphic image of a P.I.D. is a principal ideal
ring.

. Suppose A is a 4 x 4 matrix with complex entries with p(A) = 0 for p(t) = t* — 7t + 10

and trace A = 11. Knowing trace A = 11, it is relatively easy to find all possible Jordan
canonical forms for A. Find these forms and briefly explain your reasoning.

What is the determinant of A7

Let V be a finite-dimensional vector space over a field k. The dual, V*, of V' is defined
as the collection of all linear maps V' — k (often called “linear functionals”) with the
vector space operations defined in the obvious way. If vy,... v, is a basis for V, define
vy, ...,vr in V* as the unique linear maps V' — £ satisfying

. 1 ifi=j,
”i(”ﬂ'):‘siﬂ:{ 0 ifi# .

(a) Why, exactly, do there exist linear maps satisfying this condition?

(b) Show that vj,...,v¥ is a basis for v* (often called the “dual basis” associated with
Uiy ,’Un).

(a) Explain what it means to say that a sequence

0—-U—-V->W-=20

of vector spaces and linear maps is exact.
What does it mean to say that the sequence

of vector spaces and linear maps is exact?

(b) If the sequence (x) is exact and each V; is of finite dimension, m;, show that

my—mo+mg—- -+ (—1)n+1mn = 0.

Let A be a finite-dimensional algebra over the field C of complex numbers. What can you
say about A in the following cases?

(a) A is simple.

(b) A is semi-simple.



Let T': V — V be a linear transformation on the finite-dimensional vector space, V', over
C. Let A = C[T] be the algebra of polynomials in 7" over C. Under these hypotheses:

(c) When is A a simple algebra?

(d) When A is semi-simple and what can you infer about 7" in this case?

7. Let F = Q(v/2,4/3). It may be shown, and you may assume, that the Galois group is of
order 4 and isomorphic to the “Klein 4-group” (the direct product of a cyclic group of
order 2 with itself). Describe all the subfields of F' and justify your description.

10



ALGEBRA GENERAL EXAMINATION
January 17, 1998

Question 1 (a) What can you say about groups G of the following orders |G|? (Give
reasons, making free use of any theorems you know.)

1) |G| =2*+1:G=?

2) |G| =234+1:G =7
(b) What can you say about simple groups G of the following orders |G|? (Again, explain
your answer.)

(1) |G| =2"4+1:G=?

(2) |G| =2.35: G2

(3) |G| =223.5: G =2

All your answers should be quite short.

Question 2 (a) How many non-isomorphic abelian groups are there of order 3607

(b) Take the free abelian group on generators x, y and z. Divide it by the relations

2 + 4y + bz = 0
6xr + 8y + 10z = 0
8r + 12y + 20z = 0

Write the resulting group as a direct sum of cyclic groups.

Question 3 Let R be a principal ideal domain. Suppose a and b are two non—zero elements
in R. Show that they have a least common multiple. That means the following. We adopt
the notation that a | m means “a divides m”. You need to show that there exists an element
m € R, so that

a|m and b|m.

Ifa|zand b |z, then m | x.

Question 4 Let M be a module over a ring. A section A : B of M is a pair of submodules
A, B of M with B C A; a trivial section is where B = A. A submodule C' of M covers a
section A: Bif (ANC)+ B = A, and avoids A: Bif ANC C B.



(a) Show that C' covers A : B if and only if A C B + C, and avoids A : B if and only if
AN(B+C)=8B.

(b) Show that every C' simultaneously covers and avoids any trivial section, that any C'
with C' O A covers A : B, and any C' with C' C B avoids A : B.

(c) Give an example of a Z-module M and a submodule C' that covers one nontrivial
section A : B and avoids another nontrivial section A" : B’ for which the two quotients A/B

and A’/B’ are isomorphic.

Question 5 (a) Find the Galois group of the polynomial
2° 4 5z — 202 + 10

over the rational numbers.
(b) The Galois group G over F' of a polynomial f(z) € F[z] of degree 4 is known to contain
a subgroup isomorphic to the dihedral group Dj.

(1) Show that f(x) is irreducible.

(2) If some root r; of f(x) lies in the subfield F(r;,ry) generated by two other roots,
show F'(r;,ry) is a splitting field for f(x) and that G = Dy.

(3) Show that no root r; of f(x) is a linear combination of two other roots r;, 7.

Question 6 The finite field GF(32) of 32 elements can be constructed as the extension
GF(2)(6), where 6 is a root of the polynomial 2° + 22 + 1 in GF(2)[x]. Find the minimal
polynomial of 6% over GF(2).

Question 7 If the n x n real matrix P is the transition matrix for a regular Markov chain,
oot ... 1
then its powers converge to a matrix 7' = limj_,oo P* of the form | ... ... ... ... | all
th tn ... tn
of whose columns are the same probability vector t (it’s entries ¢; are all nonnegative and
sum to 1).
(a) What is the Jordan canonical form of the limit 7'7
(b) What are the possible complex eigenvalues of the original P?
(c) What are the possible Jordan canonical forms of P?

If you cannot do the general case, do at least the 2 x 2 case.



Algebra General Exam August 22, 1998

This is exam is worth 100 points. The number of points each part of a problem is worth is
indicated in brackets. If you can’t prove part of some problem, you can still use the result of that

part in proving subsequent parts.

(1)[20] Let G be a finite group of order 3-5 - 17.
(a)[5
(b)[5] If there exists an element of order 15 in G, show that the Sylow 3- and 5-subgroups

are also normal. [Hint: show they are properly contained in their normalizers.]

| Show that the Sylow 17-subgroup is normal.

(c)[5] If all Sylow subgroups of a finite group G are normal and abelian, show that G
itself is abelian.

(d)[5] If G is a finite abelian group of order p - g - r for distinct primes p, ¢, r, show that
G is cyclic.

(2)[15] Let GLa(p) for a prime p denote the group of invertible 2 x 2 matrices over the finite
field F}, of p elements.

(a)[5] Find the order n of the group G'La(p).

(b)[5] For A in F), the find the order m of the subgroup

- A1\ o, (A
G,\—{AGGLz(pHA(O /\>A —(0 /\>}-

Al
(c)[5] Find how many 2 x 2 matrices over F), are similar to the matrix ( 0 > . [Hint:

express it in terms of m and n.]

(3)[10] For an abelian group A, the dual group A* is defined to be Hom(A,U) where the
circle group U is the multiplicative group of complex numbers of modulus 1 (the unit circle
in the complex plane). Here Hom(A, B) denotes the abelian group of homomorphisms of
Ainto B (under (f+g)(a) = f(a) +g(a)); you may use the additivity property Hom(A; ®
Ay, B) = Hom(Ay, B)® Hom(As, B) and the isomorphism property that if A=~ A’ B~ B’
then Hom(A, B) = Hom(A', B').

(a)[5] Prove that Z is cyclic of order n.

(b)[5] Prove that A* is isomorphic to A for any finite abelian group A.

(4)[10] Let a, b, ¢ be distinct elements of an integral domain D. Show that there are unique

elements x,y, z in D such that
r+y+=z =0
ax + by + cz =0.
a?r+by+ctz =0



(5)[10] A derivation D of a ring R is a map of R into itself such that

D(a+b) = D(a)+ D(b)
D(ab) = D(a)b+ aD(b)

for all elements a, b of R. Show that if D is a derivation, and in addition D? = 0 and R has
no 2-torsion (2a = 0 implies a = 0), then the “exponential map” Id+ D is an automorphism
of R.

(6)[15] Let V' be an n-dimensional vector space over the complex numbers, and let T" be a
linear transformation from V' to itself whose minimum polynomial p(x) has degree 2.

(a)[5] Find all possible Jordan Canonical Forms for 7. [Hint: consider the possible factoriza-
tions of u(x) over K.]

(b)[5] Show that V is a direct sum of T-invariant subspaces, each of which has dimension
less than or equal to 2.

(c)[5] Show that T" has an eigenvalue A such that the A-eigenspace (the set of all eigen-

vectors for the eigenvalue A, together with the zero vector) has dimension at least n/2.

(7)[10] Suppose that K is a finite Galois extension of the rational field @ which contains
V3 and has cyclic Galois group Gal(K/Q). Show that L = Q(v/3) is the only quadratic

extension of () contained in K.

(8)[10] (a)[5] If F' denotes a field and Z the ring of integers, decide which of the following

rings are PIDs and which are UFDs (no proofs are necessary):
F, Z, Z[z], Flz,y|, F[[z]] (formal power series).

(b)[5] The Krull dimension of a commutative ring R is the longest chain of prime ideals
properly contained in R, i.e. the largest integer n such that there exists a chain Py < P; <
... < P, < R (Py =0 allowed if prime) of prime ideals P; in R. If R is a PID, find its Krull

dimension.



Algebra General Exam August 21, 1999

This is exam is worth 100 points. The number of points each part of a problem is worth is
indicated in brackets. If you can’t prove part of some problem, you can still use the result of that

part in proving subsequent parts.

(1)[10] Let P be a p-Sylow subgroup of a finite group G for some prime p dividing the group
order. We know by Sylow theory that the index of the normalizer of P is congruent to 1

modulo p,
[G: Ng(P)] =1 (mod p).

Show that the same holds for any larger subgroup M: if G O M O Ng(P) then
[G: M]=1 (mod p).
[Hint: show Nas(P) = Na(P).]

(2)[20] (a)[5] Show that any finite group G has a faithful action on some set S of cardinality

S| =1GI.
From now on (in parts b,c) assume that G is a finite p-group for a prime p, having the
property that it has a wunique subgroup G, of order p. [The quaternion group is such a
group, with p =2 and Gy = {1, —1}]

(b)[5] Show that G, is invariant under all endomorphisms of G, f(Gp) C G, for all
homomorphisms f : G — G.

(c)[10] Show that G}, “needs room” in order to act: whenever G acts on a finite set .S of
size |S| < |G, the subgroup G, acts trivially. Conclude that G can only act faithfully on
sets of size > |G|.

(3)[10] The exponent e of a group G is defined as the smallest positive integer & such that
zF =1 for all z € G; for an abelian group, in additive notation this is the smallest k such
that kx = 0 for all elements. If nqy,no,...,n, are the invariant factors of a finite abelian
group A (so n,|ny—1]|...|n2ln1), prove that A has exponent e = nj, and has an element
of order precisely e. Conclude that A has an element of order m iff m divides the largest

invariant factor nq.



(4)[10] If R is a (commutative, unital) integral domain, find all R-linear automorphisms of the
polynomial ring R[x] (all ring automorphisms ¢ with ¢(a) = a for all constant polynomials

ac R). [If you can’t do the general case, do the case when R = F is a field.]

(5)[10] Let f(x) = ana™ + ap_12" 1 + ...+ ag (ag # 0) be a complex polynomial of degree
n > 1, and f’ its derivative. Let aq,...q, be the n roots of f and o, ...,al,_; then —1
roots of the derivative (listing each root as many times as its multiplicity). Show that the
average of the roots a1, ...ay, of f equals the average of the roots of, ..., al,_; of f’. [Hint:

Use the relations between the coefficients of a polynomial and the roots of that polynomial.]

(6)[10] Describe (in terms of Jordan form) all 2 x 2 complex matrices which are similar to

their square. [Hint: there are more matrices, Horatio, than are dreamt of in your philosophy!]

(7)[10] (a)[5] Show that the ring of 2n x 2n matrices My, (F') over a field F' for n > 1 is
“algebraically closed” with respect to polynomials of degree 2, in the sense that every
polynomial p(z) = 22 + ax + 8 € F[x] of degree 2 has a “root” A € My, (F) (in the sense

that p(A) is the zero matrix). Can you generalize this to polynomials of degree d?

(b)[5] How many real 2 x2 matrices A € My(R) are roots of the polynomial p(x) = 22417

(8)[10] If F is a finite field show that every element o € F is the sum a = 37 + (82 of two
squares (for some 31, 33 € F).

(9)[10] If p is a prime number congruent to 1 mod 8, show that 2 is a “quadratic residue”

mod p, i.e. there is an integer a such that a? = 2 modulo p. [Hint: show there is an & € Z,, with

e'=—1,and o® =2fora =e +e7']



PROOFS

Proof (1): (1) Nm(P) = M N Ng(P) (always) = Ng(P) (when M D Ng(P)). (2) Using Sylow on
both G and M (noting that P remains a p-Sylow subgroup of M) shows the indexes of the normalizers is
congruent to 1, so [G : Ng(P)] = 1,[M : Nag(P)]=[M : Nu(P)] =1, 1 =[G : Ng(P)] =[G : M][M :
Ne(P)=[G: M1 =[G : M].

Proof (2a): Left-regular representation.

Proof (2b): Gy is in fact the set of all elements of order 1 or p [any element g of order p generates a
cyclic subgroup of order p, which by uniqueness must be G, therefore g € G|, hence is invariant under any
homomorphism.

Proof (2¢): For any s € S we have |G| > |S| > G- s =[G : Stab(s)] (orbit size formula) = |G|/|Stab(s)]
so |Stab(s)| > 1. Thus |Stab(s)| is a power of p, in particular (by Cauchy) has an element of order p, hence
a cyclic subgroup of order p, which by uniqueness must be G, : Gp C Stab(s). Thus G, fixes all points s,
thus acts trivially on S.

Proof (3): In A =@ Zy,, any x = y_z; has 2™ = >z = 1 since ny is a multiple of n;, and this is
the smallest such power since the generator of Z,, has order exactly ni. If m divides n; then there exists
Zm C Zn, C A. Conversely, if A has an element x of order m then m divides the exponent ni (by the

above).

Proof (4) The automorphism are precisely all “linear” transformation ¢q (f(z)) = f(ax+b) for invertible
a and arbitrary b in R, with inverse ¢, -1 _,-1,. Indeed, if p(z) = f(2),¢ ' (z) = g(z), for f,g of degrees
n,m, then = = p(p ' (z)) = ¢(g9(z)) = g(f(x)) shows 1 = mn (over a domain the degree of the product is
n+m and the degree of the composite is nm), son =m =1, f(x) = ax+b,g(x) = cx+d,z = c(ax+b)+d =
(ca)z + (cb+ d) implies ca = 1 (so a is invertible with inverse ¢) and ¢b+d = 0 (so d = —cb).

Proof (5): £ 377 o = —1(%2=2), Ly el = - (i)

Proof (6) (1) if the distinct diagonal entries of the Jordan form A are ), i then A? has diagonal entries

A2, u? then we either have (1a) A = A%, = p?, so A, u = 0,1 and by distinctness A = 1, x = 0 and we have

1

0
an idempotent A ~ < 0 o ) ,or we have (1b) A = p?, = A%, s0 X = A # 0,1, A% = 1, \ = ( is a primitive

¢ 0

cube root of unity and g = A% = A71, and we have A ~ < 0 ¢

) . (2) If A= X then A% = A\?J and we

Al
must have X\ = A2, so again we have idempotents A = I,0. 3) If A~ < 0 X ) is a 2 x 2 Jordan block,

A2 2

then A% ~ )
0 X

) , s0 again A = A2, A = 1,0; but we can’t have A =0 (A would be nilpotent of index

1 1
Proof (7a) Any p(z) has root A consisting of n blocks By strung together down the diagonal (hence the

1 1 1 2
2, A% = 0 nilpotent of index 1, so not similar), hence A ~ < 0 ) , A%~ < 0 ) ~ A.

1
need for even size 2n), where By is the 2 X 2 companion matriz of p(x), namely 0 ) ,and Z,_2 the

-8
(n —2) x (n — 2) zero matrix. More generally, any polynomial p(z) = % + ag—_12%7' 4+ ... + @12 4+ ao has
root obtained by duplicating its d X d companion matrix n > 1 times to obtain a dn X dn matrix.

Proof (7b): There are infinitely many distinct conjugates of any solution A, and there is only one

;0
Jordan form for a real matrix having minimum polynomial dividing 2 + 1, namely < (Z) ) ) with
—i

7



0 1

Lo ) . [Over the complexes there would be two more conjugacy classes,

rational canonical form A = <

corresponding to +ils.]

Proof (8): If the characteristic is 2 then the map ¢(a) = o is injective, hence surjective, so every element
is a square (and hence trivially o = 8% = % 4+ 0? the sum of two squares). Assume the characteristic is not
two, so p(a) = p(B) <= (a/B)* =1 <= o/ = +1 and (except at 0) the map ¢ is two-to-one; if the size
of F is g, then the cardinality of the set S := ¢(F) of squares is 0+ (¢ — 1) = ZtL (zero together with half
of the ¢ — 1 nonzero values). For any a the sets & — S and S are too big to be disjoint (then F of size ¢
would contain (o —S) U S of size |S| +|S| = ¢ + 1), so they intersect in some a — 37 = 3.

Proof (9): Z;; is a cyclic group of order p — 1 divisible by 8, so it has a unique cyclic subgroup < ¢ >

of order 8; € is not 1, yet it is a square root of unity in the field, so it must be —1. The (e + 571)2 =

€2 + 24 e 2 =2 because £ 2,e? are negatives of each other: both have the same square (—1)71 = —1, yet
they are not equal (since et £ 1), so their quotient squares to 1 but isn’t one, and must be the only other

square root of unity, namely —1.



Algebra General Exam January 17, 2000

This is exam is worth 100 points. The number of points each part of a problem is worth is
indicated in brackets. If you can’t prove part of some problem, you can still use the result of that

part in proving subsequent parts.

(1)[15] (a)[5] Define the trace of an n x n real matrix, and show that the trace of the product

XY of two real n x n matrices is the same as the trace of Y X.

(b)[5] Explain why the trace of such a matrix is the sum of all the eigenvalues (possibly

complex, with the appropriate multiplicities) of the matrix.

(¢)[5] Ezplain how you would define the trace of an abstract linear operator on any

finite-dimensional real vector space V' (i.e., a linear transformation from V' to V).

(2)[10] Let K be a field of characteristic zero, M,,(K) the n x n matrices over K.
(a)[5] Determine all linear functionals f : M,(K) — K which are symmetric in the
sense that f(ab) = f(ba) for all matrices a,b € M, (K).

(a)[5] Determine all linear functionals f : M, (K) — K which are invariant in the sense
that f(gag™') = f(a) for all invertible g € GL,(K).

(3)[15] (a)[5] Let A be an abelian group, and let f and g be any two endomorphisms of A
(group homomorphisms of A into itself). Let B := Fix(fg) ={a € A | f(g(a)) = a}, C :=
Fix(gf) ={a € A | g(f(a)) = a}. Show that B and C are isomorphic subgroups of A.

(b)[10] How many abelian groups (up to isomorphism) are there of order 1000 which

have no elements whose orders are larger than 357

(4)[10] (a)[5] If G is a group containing a cyclic normal subgroup N, show that gn = ng for
all n in NV and all ¢ in the commutator subgroup of G.

(b)[5] Suppose that Ny, Ny, N3 are three normal subgroups of a group G with the prop-

erties that for distinct ¢, j always V; N N; = 1, N;N; = G. Show that all three subgroups N;

are isomorphic, and that G is abelian. Give an example of such an abelian group of order
4.



(5)[10] Let G be a finite group such that every element commutes with its conjugates (for any

g, h € G the elements h and ghg™' commute).
(a)[5] Show that any Sylow subgroup of such a G is normal. [Hard!]
(b)[5] Ezplain why the group of quaternions {41, £, +j, -k} is such a group G.

(6)[10] Given a finite field K, show there exists a polynomial f(z,y) € K[z, y| (in which both

variables actually appear) for which the equation f(x,y) = 0 has no solutions in K x K.

(7)[15] Suppose that f is an irreducible polynomial of degree n with rational coefficients. Let
K be a splitting field for f over the rationals Q, and let rq,...,r, be the roots of f in K,
with a = [[;;(ri —7j).

(a)[5] Show that the roots of f are distinct.

(b)[5] If the product a is not rational, show the Galois group Gal(K/Q) contains an
element which yields an odd permutation of the roots.

(c)[5] If the product a is not rational, show that K contains at least one quadratic
subfield.

(8)[15] Let ¢ be primitive 3rd root of unity, K = Q, and L = K (3v/2).
(a)[10] Show that L/K is a Galois extension, and determine its Galois group G :
Gal(L/K).

(b)[5] Considering L as vector space over K, determine all K-linear functionals f : L —
K which are G-invariant (i.e. f(o(a)) = f(a) for all 0 € G and all a € L).

10



PROOFS

Proof (1):

Proof (2a): Left-regular representation.
Proof (2b):
Proof (2c¢):
Proof (3):
Proof (4)
Proof (5):
Proof (6)
Proof (7a) Any p(z) has root A consisting of n blocks By strung together down the diagonal (hence the
need for even size 2n), where By is the 2 X 2 companion matriz of p(x), namely @ (1) ) ,and Z,_2 the

n — 2) X (n — 2) zero matrix. More generally, any polynomial p(x) = 24+ ag_1z¥ + . o+ ap has
g Y. Yy Yy

root obtained by duplicating its d X d companion matrix n > 1 times to obtain a dn X dn matrix.
Proof (7b):
Proof (8):
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Algebra General Exam

August 18, 2001

(1) If ¢ : G1 — G2 is a homomorphism of groups, and Ny < G1, No < G5 are two normal
subgroups, show that the map ¢ given on cosets by ¢(xN1) = ¢(x)Ns is a well-defined
homomorphism ¢ : G1/N1 — G3/Ny of quotient groups if and only if the original homo-
morrphism satisfies ¢(N1) C No.

(2) Show that if p is a prime and H is a subgroup of G, then the number of distinct p-Sylow
subgroups of H is less than or equal to the number of distinct p-Sylow subgroups of G.

(3) How many nonisomorphic abelian groups are there of order 3257

(4) If = is an element of a PID R, show that the left R-module R/Rz is irreducible as a

module if and only if the element x is irreducible as an element.

(5) How many non-similar linear transformations 7' can there be on an 8-dimensional real
vector space V having the minimum polynomial uz(t) = (t — 2)(t — 3)(t — 6)3 ? List their

Jordan canonical forms.

(6) Consider the transformation T on R?® which rotates points around the z-axis through a
fixed angle 6.

(a) Find the matrix of T with respect to the canonical basis for R3.

(b) Find the characteristic polynomial of 7', and factor it into irreducibles (ignore the
cases when 6 is an integer multiple of 7).

(c¢) Find the Jordan canonical form for 7' (you may have to pass to complex matrices).

(7)(a) Show that for any two elements a, b in a cyclic group, at least one of the 3 elements
a,b,ab is a square (i.e. is of the form z? for some element z in the group).

(b) Show that the polynomial f(z) := (2 — 2)(2? — 3)(2? — 6) has no integral roots in
Z, but for any prime p > 0 it has integral roots modulo p (i.e. the congruence f(z) =0

mod p has an integral solution).

(8) Find the Galois group of f(z) := x'3 — 1 over the rationals Q (i.e. Gal(K/Q) for K the
splitting fields of f(z) over Q).
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GENERAL EXAM IN ALGEBRA 2002

(a) Find all nonconstant polynomials p(z) € C[x] satisfying p(p(p(x))) = p(x).

(b) Find all rational functions ¢(z) € C(z) satisfying ¢(2z) = ¢(x).

. Show that if for a matrix A € M, (K) (where K is a field) there exists a nonzero matrix
B € M, (K) such that AB = 0, then there also exists a nonzero matrix C' € M, (K) such
that CA = 0 (in other words, in M,,(K) the set of all left zero divisors coincides with the
set of all right zero divisors; notice that AB = 0 does not always imply BA = 0 - find

such examples!)
. Let G be a group. Show that if, for any three elements x,y, z € G, at least two of them
commute, then G itself is abelian. (Hint. Use centralizers.)

. Show that a finite group is noncommutative if and only if it has an irreducible complex

representation of dimension > 1.
. Let R be a commutative ring, ay, ..., a, be ideals of R. If for all ¢ # j we have a; +a; = R

thena; N---Na, =ay-...-a,. (Hint. Induct, starting from n = 2.)

. Let R = C[x,y]/a where C|z,y] is the ring of polynomials in variables z and y, and a

is the principal ideal of C[x,y] generated by p(x,y) = y? — x3. Show that the ideal of R

generated by the images of z and y is not principal.

. Let p be a prime > 2.

(a) Show that in the symmetric group S,, any two elements of order p are conjugate.

(b) Exhibit two nonconjugate elements of order p in the symmetric group S5,,:.

(c) Are there nonconjugate elements of order p in the group GL2(C)? (Recall that
GLy(K), where K is a field, is the group of all nondegenerate 2 x 2-matrices over

K with respect to multiplication.)
(d) Can you find an element of order p in GLy(R)?

. Is it true that in the ring R of all continuous functions on [0, 1], any element which is not

a zero divisor, is invertible?
. Construct a Galois extension of QQ of degree 3.

Possible alternative problems

. Let p(z) € R[x] be a polynomial that has only positive values (i.e. p(a) > 0 for any o € R).
Show that p(z) can be written in the form p(z) = u(x)? 4+ v(z)? for some u(z), v(z) € R]z]
(in other words, p(x) is a sum of two squares in R[x]).

. Let G be a finite group of order n, and let » > 1 be an integer. Show that the map
pr: G — G, py(z) = 27, is surjective (i.e. for every element of G' there is an 7" root of hat

element) if and only if g.c.d(n,r) = 1.
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3. Let L/K be a field extension in characteristic zero. Suppose there exists an integer m > 0
such that ™ € K for all a € L. Show that L = K. (One can give some specific value of
m, for example, m = 3 or 5.)

4. Let K be a field. A matrix X € M,,(K) is called nilpotent if there exists an integer m > 1
such that X™ = 0. Show that if X € M,,(K) is nilpotent then X™ = 0 (where the exponent
is the same as the size of X).

5. Find an example of a finite group G such that

(a) [Aut(G) < |G[;
(b) [Aut(G)| = |Gl;
(c) |Aut(G)| > |G].

Your work must include a rigorous proof of the fact that the required (in)equality holds.
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