
































































































Algebra, April 1977

1. Let C be the field of complex numbers, and let A be an n × n matrix over C. As usual,
we define eA =

∑∞
k=0

Ak

k!
= I + A + 1

2!
A2 + 1

3!
A3 + · · ·, where the convergence of the series

is that of Cn2
.

(a) Use the Jordan canonical form to show that det eA = eTrA.

(b) If A =
(

1
0

1
1

)
, what is eA?

2. Let k be a field of q elements where q is finite.

(a) Show that q = pn is a power of a prime.

(b) Show that k is the splitting field of the equation xq − x = 0 and thus is the unique
field of q elements.

(c) The multiplicative group k∗ of non-zero elements of k satisfy the equation xq−1−1 =
0. Why does this imply that k∗ is a cyclic group of order q − 1?

3. Use the fundamental theorem for abelian groups to show that in the ring of integers mod
pn, for p an odd prime, the multiplicative group of integers relatively prime to p has a
subgroup of order p if n > 1.

4. Let R be a commutative ring with 1 and let M be a maximal ideal in R. Show that R/M
is a field.

(a) Show that if R is a Euclidean Integral Domain then every ideal generated by an
irreducible element is maximal.

(b) Let k be a field and R = k[x] the polynomial ring in one variable over k. If p(x) = p
is an irreducible polynomial in k[x] use 4. and (a) to show that there is a finite
extension K of k in which p(x) has a root.

(c) If k = Q is the rational field and p(x) = x2+x+1 show that p(x) is indeed irreducible
over Q. What is the field generated in (b) for this example?

5. Let G = Sn be the symmetric group on n letters.

(a) Show that the alternating group An on n letters is a normal subgroup of Sn.

(b) Show that An is generated by the three-cycles (1, 2, i),i = 3, 4, . . . , n.

(c) Show that if H is a normal subgroup of An for n ≥ 3 and H contains a 3-cycle, then



(d) Is the equation f(x) solvable by radical? Give reasons for your answer.

7. Let A be a normal (A∗A = AA∗) n×n complex matrix. Show that there is a polynomial
f(x) with complex coefficients such that A∗ = f(A). Thus any n × n matrix B which
commutes with A also commutes with A∗. (Assume the spectral theorem for A.)

8. If A and B are algebras over a field k define their tensor product C = A ⊗k B and show
that C is an algebra over k.

(a) Let A and B each have units and let Z(A) = Z1, Z(B) = Z2, and Z(C) = Z
designate the centers of A,B, and C respectively. Show that Z = Z1 ⊗ Z2.



Algebra, November 1977

1. How many non-isomorphic fields are there with exactly 3 elements? Exactly 6 elements?
Exactly 9 elements?

2. Describe the following tensor products of modules in more explicit form. (Z = integers).

(i) Z2 ⊗Z4 Z4

(ii) Z2 ⊗Z Z3

(iii) Z2 ⊗Z3 Z

3. Give an example of an inseparable extension of degree 7 over Q (the rationals).

4. Define “finite” and “algebraic” extensions of fields. Does algebraic imply finite? Does
finite imply algebraic? Prove or give counterexample.

5. Give an example of a non-Noetherian commutative ring.

6. Find all eigenvectors and eigenvalues of the linear operator D = d
dx

(differentiation) on
the space V = C∞(R) of infinitely differentiable complex-valued functions on the real line
R. The finite-dimensional subspace Vn of complex polynomials of degree < n is invariant
under D; what is the Jordan canonical form of the restriction of D to this subspace?

7. Consider groups of order 70. Are they all abelian or solvable? Can you say anything
regarding their normal subgroup structure?



Algebra, May 1978

1. Give an example of a nonabelian simple group. Do not prove your assertion.

2. Let G be a finite p-group acting linearly on a finite dimensional vector space over Zp.
Prove G has a non-zero fixed point.

3. Describe the semisimple 4-dimensional algebras over the reals R. (No proofs required.)

4. Describe the modules over the ring Mn(F ) of n × n matrices over a field F .

5. Is the ring C[0, 1] of all real-valued continuous functions on the interval [0, 1] Noetherian
(i.e., does it satisfy the ascending chain condition on ideals)? Justify your assertion.

6. Give an example of a torsion free abelian group which is not free. Can you give an example
which is finitely generated?

7. Find the inverse of the matrix 


0 0 1
0 1 0
1 0 0


 .

8. (a) What is the Jordan canonical form of the matrix




0 0 0 0
0 0 0 0
0 0 0 0
1 1 0 0


 .

(b) Give the eigenvalues, characteristic and minimum polynomials for this matrix.

9. Show that any two eigenvectors with distinct eigenvalues of the matrix




1 9 7 8
9 0 0 0
7 0 1 0
8 0 0 0




are orthogonal.

10. Give a polynomial whose splitting field is a field with 9 elements. Can this be done in a



12. Fill in the blank:

Z6 ⊗Z Z4
∼=

Z6 ⊗Z Z ∼=

Z6 ⊗Z Q ∼=

Hom(Z6, Z14) ∼=

13. Define “projective module.” Is there a dual notion?



Algebra, September 1978

1. Prove that the set of rational 3 × 3 matrices which commute with the matrix



0 0 6
1 0 4
0 1 2




is a field.

2. Let V be a 12-dimensional vector space over the field GF (3). Let T be a linear transfor-
mation whose characteristic polynomial factors into linear factors over GF (3). Find all
possible Jordan normal forms given the table:

Transformation Rank
T 10

T 2 9

T 3 9

T − 1 12

T − 2 9

(T − 2)2 7

(T − 2)3 6

3. A certain group of order 60 is known to have exactly four members of order 5. Explain
why they, along with the identity, form a normal subgroup.

4. (a) Show that the Galois group over the rationals of every irreducible 5th degree poly-
nomial contains an element of order 5.

(b) Show that the Galois group over the rationals of x4 + 1 does not contain an element
of order 4.

(c) Show that the Galois group over the rationals of x4 + x3 + 1 contains an element of
order 4.

5. Let M be a module over an integral domain A with quotient field K. Show that M is
torsion free if and only if 0 → M → M ⊗A K is exact.



7. Let A be a simple Artinian ring, and let N be a minimal right ideal.

(a) Viewing N as a right A-module, show that the ring D = EndA(N) of A-linear
endomorphisms of N is a division ring.

(b) Prove AN = A.

(c) Let k be minimal such that there exist m1, . . . ,mk in N and a1, . . . , ak in A with
1 = a1m1 + · · · + akmk. Prove that the map

N ⊕ · · · ⊕ N︸ ︷︷ ︸
k−copies

→ A

given by (x1, . . . , xk) → a1x1 + · · · + akxk is an isomorphism of right A-modules.

(d) Deduce A ∼= EndA(Nk) ' Mk(D), the algebra of k × k matrices over D. What
famous theorem is this?



Algebra, May 1980

1. Describe all abelian groups of order 375. Be sure that you have at least listed each
possibility up to isomorphism in some fashion.

2. A famous theorem of Hilbert states that k[x1, . . . , xn] is a Noetherian ring when k is a
field. Prove in detail that every commutative k-algebra, A, which can be generated as a
k-algebra by a finite number of elements is also Noetherian, that is, satisfies the ascending
chain condition.

3. Give the eigenvalues of the following matrices. What are their Jordan normal forms?



1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0







1 −1 0 0
0 −1 0 0
0 0 1 0
0 0 0 0




4. Let Q(X) be a quadratic form for X = (x1, x2) in R2 given by

Q(X) = ax2
1 + bx1x2 + cx2

2.

Recall that the bilinear form B(U, V ) associated with a quadratic form Q(X) is given by

B(U, V ) = Q(U + V ) − Q(U)− Q(V ).

(a) What is the associated (symmetric) bilinear form for Q(X)?

(b) Show that the associated (symmetric) bilinear form for Q(X) is non-degenerate if
and only if b2 − 4ac 6= 0.

5. Let A be a finite-dimensional algebra over the field, C, of complex numbers.

What can you say about A in the following cases?

(a) A is simple.

(b) A is semi-simple.

(c) Let T : V → V be a linear transformation on the finite-dimensional vector space
over C. Let A = C[T ] be the algebra of polynomials in T over C. When is A a
simple algebra?

(d) When is the algebra of part (c) semi-simple and what can you say about T in this
case?



Algebra, September 1980

1. Describe all abelian groups of order 80. Be sure that you have listed each possibility once
and only once up to isomorphism.

2. A field is a trivial example of a principal ideal domain (P.I.D.). All abelian groups are
modules for another well-known P.I.D., namely the ring . Give a third
example of a P.I.D. Show that every homomorphic image of a P.I.D. is a principal ideal
ring.

3. Suppose A is a 4 × 4 matrix with complex entries with p(A) = 0 for p(t) = t2 − 7t + 10
and trace A = 11. Knowing trace A = 11, it is relatively easy to find all possible Jordan
canonical forms for A. Find these forms and briefly explain your reasoning.

What is the determinant of A?

4. Let V be a finite-dimensional vector space over a field k. The dual, V ∗, of V is defined
as the collection of all linear maps V → k (often called “linear functionals”) with the
vector space operations defined in the obvious way. If v1, . . . , vn is a basis for V , define
v∗

1, . . . , v
∗
n in V ∗ as the unique linear maps V → k satisfying

v∗
i (vj) = δij =

{
1 if i = j,
0 if i 6= j.

(a) Why, exactly, do there exist linear maps satisfying this condition?

(b) Show that v∗
1, . . . , v

∗
n is a basis for v∗ (often called the “dual basis” associated with

v1, . . . , vn).

5. (a) Explain what it means to say that a sequence

0 → U → V → W → 0

of vector spaces and linear maps is exact.

What does it mean to say that the sequence

(∗) 0 → V1 → V2 → · · · → Vn → 0

of vector spaces and linear maps is exact?

(b) If the sequence (∗) is exact and each Vi is of finite dimension, mi, show that

+1



Let T : V → V be a linear transformation on the finite-dimensional vector space, V , over
C. Let A = C[T ] be the algebra of polynomials in T over C. Under these hypotheses:

(c) When is A a simple algebra?

(d) When A is semi-simple and what can you infer about T in this case?

7. Let F = Q(
√

2,
√

3). It may be shown, and you may assume, that the Galois group is of
order 4 and isomorphic to the “Klein 4-group” (the direct product of a cyclic group of
order 2 with itself). Describe all the subfields of F and justify your description.



Algebra General Exam August 22, 1998

This is exam is worth 100 points. The number of points each part of a problem is worth is indicated
in brackets. If you can’t prove part of some problem, you can still use the result of that part in proving
subsequent parts.

(1)[20] Let G be a finite group of order 3 · 5 · 17.
(a)[5] Show that the Sylow 17-subgroup is normal.
(b)[5] If there exists an element of order 15 in G, show that the Sylow 3- and 5-subgroups

are also normal. [Hint: show they are properly contained in their normalizers.]
(c)[5] If all Sylow subgroups of a finite group G are normal and abelian, show that G itself

is abelian.
(d)[5] If G is a finite abelian group of order p · q · r for distinct primes p, q, r, show that G

is cyclic.

(2)[15] Let GL2(p) for a prime p denote the group of invertible 2 × 2 matrices over the finite
field Fp of p elements.

(a)[5] Find the order n of the group GL2(p).
(b)[5] For λ in Fp, the find the order m of the subgroup

Gλ = {A ∈ GL2(p) | A

(
λ 1
0 λ

)
A−1 =

(
λ 1
0 λ

)
}.

(c)[5] Find how many 2 × 2 matrices over Fp are similar to the matrix

(
λ 1
0 λ

)
. [Hint:

express it in terms of m and n.]

(3)[10] For an abelian group A, the dual group A∗ is defined to be Hom(A,U) where the
circle group U is the multiplicative group of complex numbers of modulus 1 (the unit circle
in the complex plane). Here Hom(A,B) denotes the abelian group of homomorphisms of A
into B (under (f + g)(a) = f(a) + g(a)); you may use the additivity property Hom(A1 ⊕
A2, B) ∼= Hom(A1, B) ⊕ Hom(A2, B) and the isomorphism property that if A ∼= A′, B ∼= B′

then Hom(A,B) ∼= Hom(A′, B′).
(a)[5] Prove that Z∗

n is cyclic of order n.
(b)[5] Prove that A∗ is isomorphic to A for any finite abelian group A.

(4)[10] Let a, b, c be distinct elements of an integral domain D. Show that there are unique
elements x, y, z in D such that

x + y + z = 0
ax + by + cz = 0
a2x + b2y + c2z = 0

.



for all elements a, b of R. Show that if D is a derivation, and in addition D2 = 0 and R has no
2-torsion (2a = 0 implies a = 0), then the “exponential map” Id+D is an automorphism of R.

(6)[15] Let V be an n-dimensional vector space over the complex numbers, and let T be a linear
transformation from V to itself whose minimum polynomial µ(x) has degree 2.

(a)[5] Find all possible Jordan Canonical Forms for T . [Hint: consider the possible factorizations
of µ(x) over K.]

(b)[5] Show that V is a direct sum of T -invariant subspaces, each of which has dimension
less than or equal to 2.

(c)[5] Show that T has an eigenvalue λ such that the λ-eigenspace (the set of all eigenvectors
for the eigenvalue λ, together with the zero vector) has dimension at least n/2.

(7)[10] Suppose that K is a finite Galois extension of the rational field Q which contains
√

3
and has cyclic Galois group Gal(K/Q). Show that L = Q(

√
3) is the only quadratic extension

of Q contained in K.

(8)[10] (a)[5] If F denotes a field and Z the ring of integers, decide which of the following rings
are PIDs and which are UFDs (no proofs are necessary):

F, Z, Z[x], F [x, y], F [[x]] (formal power series).

(b)[5] The Krull dimension of a commutative ring R is the longest chain of prime ideals
properly contained in R, i.e. the largest integer n such that there exists a chain P0 < P1 <
. . . < Pn < R (P0 = 0 allowed if prime) of prime ideals Pi in R. If R is a PID, find its Krull
dimension.



Algebra General Exam August 21, 1999

This is exam is worth 100 points. The number of points each part of a problem is worth is indicated
in brackets. If you can’t prove part of some problem, you can still use the result of that part in proving
subsequent parts.

(1)[10] Let P be a p-Sylow subgroup of a finite group G for some prime p dividing the group
order. We know by Sylow theory that the index of the normalizer of P is congruent to 1 modulo
p,

[G : NG(P )] ≡ 1 (mod p).

Show that the same holds for any larger subgroup M : if G ⊇ M ⊇ NG(P ) then

[G : M ] ≡ 1 (mod p).

[Hint: show NM (P ) = NG(P ).]

(2)[20] (a)[5] Show that any finite group G has a faithful action on some set S of cardinality
|S| = |G|.
From now on (in parts b,c) assume that G is a finite p-group for a prime p, having the property
that it has a unique subgroup Gp of order p. [The quaternion group is such a group, with p = 2
and G2 = {1,−1}.]

(b)[5] Show that Gp is invariant under all endomorphisms of G, f(Gp) ⊆ Gp for all homo-
morphisms f : G → G.

(c)[10] Show that Gp “needs room” in order to act: whenever G acts on a finite set S of
size |S| < |G|, the subgroup Gp acts trivially. Conclude that G can only act faithfully on sets
of size ≥ |G|.

(3)[10] The exponent e of a group G is defined as the smallest positive integer k such that
xk = 1 for all x ∈ G; for an abelian group, in additive notation this is the smallest k such that
kx = 0 for all elements. If n1, n2, . . . , nr are the invariant factors of a finite abelian group A (so
nr|nr−1| . . . |n2|n1), prove that A has exponent e = n1, and has an element of order precisely e.
Conclude that A has an element of order m iff m divides the largest invariant factor n1.



(4)[10] If R is a (commutative, unital) integral domain, find all R-linear automorphisms of the
polynomial ring R[x] (all ring automorphisms ϕ with ϕ(a) = a for all constant polynomials
a ∈ R). [If you can’t do the general case, do the case when R = F is a field.]

(5)[10] Let f(x) = anx
n + an−1x

n−1 + . . . + a0 (a0 6= 0) be a complex polynomial of degree n > 1,
and f ′ its derivative. Let α1, . . . αn be the n roots of f and α′

1, . . . , α
′
n−1 the n − 1 roots of the

derivative (listing each root as many times as its multiplicity). Show that the average of the
roots α1, . . . αn of f equals the average of the roots α′

1, . . . , α
′
n−1 of f ′. [Hint: Use the relations

between the coefficients of a polynomial and the roots of that polynomial.]

(6)[10] Describe (in terms of Jordan form) all 2 × 2 complex matrices which are similar to their
square. [Hint: there are more matrices, Horatio, than are dreamt of in your philosophy!]

(7)[10] (a)[5] Show that the ring of 2n × 2n matrices M2n(F ) over a field F for n ≥ 1 is “alge-
braically closed” with respect to polynomials of degree 2, in the sense that every polynomial
p(x) = x2 + αx + β ∈ F [x] of degree 2 has a “root” A ∈ M2n(F ) (in the sense that p(A) is the
zero matrix). Can you generalize this to polynomials of degree d?

(b)[5] How many real 2×2 matrices A ∈ M2(R) are roots of the polynomial p(x) = x2 +1?

(8)[10] If F is a finite field show that every element α ∈ F is the sum α = β2
1 + β2

2 of two squares
(for some β1, β2 ∈ F ).

(9)[10] If p is a prime number congruent to 1 mod 8, show that 2 is a “quadratic residue” mod
p, i.e. there is an integer a such that a2 ≡ 2 modulo p. [Hint: show there is an ε ∈ Zp with ε4 = −1,

and α2 = 2 for α = ε + ε−1.]



PROOFS

Proof (1): (1) NM (P ) = M ∩ NG(P ) (always) = NG(P ) (when M ⊇ NG(P )). (2) Using Sylow on both G
and M (noting that P remains a p-Sylow subgroup of M ) shows the indexes of the normalizers is congruent to
1, so [G : NG(P )] ≡ 1, [M : NG(P )] = [M : NM (P )] ≡ 1, 1 ≡ [G : NG(P )] = [G : M ][M : NG(P )] ≡ [G : M ]1 =
[G : M ].

Proof (2a): Left-regular representation.
Proof (2b): Gp is in fact the set of all elements of order 1 or p [any element g of order p generates a

cyclic subgroup of order p, which by uniqueness must be Gp, therefore g ∈ Gp], hence is invariant under any
homomorphism.

Proof (2c): For any s ∈ S we have |G| > |S| ≥ G · s = [G : Stab(s)] (orbit size formula) = |G|/|Stab(s)|
so |Stab(s)| > 1. Thus |Stab(s)| is a power of p, in particular (by Cauchy) has an element of order p, hence a
cyclic subgroup of order p, which by uniqueness must be Gp : Gp ⊆ Stab(s). Thus Gp fixes all points s, thus
acts trivially on S.

Proof (3): In A =
⊕

Zni , any x =
∑

xi has xn1 =
∑

xn1
i = 1 since n1 is a multiple of ni, and this is

the smallest such power since the generator of Zn1 has order exactly n1. If m divides n1 then there exists
Zm ⊆ Zn1 ⊆ A. Conversely, if A has an element x of order m then m divides the exponent n1 (by the above).

Proof (4) The automorphism are precisely all “linear” transformation ϕa,b(f(x)) = f(ax + b) for invertible
a and arbitrary b in R, with inverse ϕa−1,−a−1b. Indeed, if ϕ(x) = f(x), ϕ−1(x) = g(x), for f, g of degrees n, m,
then x = ϕ(ϕ−1(x)) = ϕ(g(x)) = g(f(x)) shows 1 = mn (over a domain the degree of the product is n + m and
the degree of the composite is nm), so n = m = 1, f(x) = ax+b, g(x) = cx+d, x = c(ax+b)+d = (ca)x+(cb+d)
implies ca = 1 (so a is invertible with inverse c) and cb + d = 0 (so d = −cb).

Proof (5): 1
n

∑n
i=1 αi = − 1

n(an−1
an

), 1
n−1

∑n−1
i=1 α′

i = − 1
n−1( (n−1)an−1

nan
).

Proof (6) (1) if the distinct diagonal entries of the Jordan form A are λ, µ then A2 has diagonal entries
λ2, µ2 then we either have (1a) λ = λ2, µ = µ2, so λ, µ = 0, 1 and by distinctness λ = 1, µ = 0 and we have

an idempotent A ∼
(

1 0
0 0

)
, or we have (1b) λ = µ2, µ = λ2, so λ4 = λ 6= 0, 1, λ3 = 1, λ = ζ is a primitive

cube root of unity and µ = λ2 = λ−1, and we have A ∼
(

ζ 0
0 ζ−1

)
. (2) If A = λI then A2 = λ2I and we

must have λ = λ2, so again we have idempotents A = I, 0. (3) If A ∼
(

λ 1
0 λ

)
is a 2 × 2 Jordan block, then

A2 ∼
(

λ2 2λ
0 λ2

)
, so again λ = λ2, λ = 1, 0; but we can’t have λ = 0 (A would be nilpotent of index 2, A2 = 0

nilpotent of index 1, so not similar), hence A ∼
(

1 1
0 1

)
, A2 ∼

(
1 2
0 1

)
∼ A.

Proof (7a) Any p(x) has root A consisting of n blocks B2 strung together down the diagonal (hence the

need for even size 2n), where B2 is the 2 × 2 companion matrix of p(x), namely
(

−α 1
−β 0

)
, and Zn−2 the

(n − 2) × (n − 2) zero matrix. More generally, any polynomial p(x) = xd + αd−1x
d−1 + . . . + α1x + α0 has root

obtained by duplicating its d × d companion matrix n ≥ 1 times to obtain a dn × dn matrix.
Proof (7b): There are infinitely many distinct conjugates of any solution A, and there is only one Jordan

form for a real matrix having minimum polynomial dividing x2 + 1, namely
(

i 0
0 −i

)
with rational canonical

(
0 1

)



Proof (9): Z×
p is a cyclic group of order p−1 divisible by 8, so it has a unique cyclic subgroup < ε > of order

8; ε4 is not 1, yet it is a square root of unity in the field, so it must be −1. The (ε + ε−1)2 = ε2 + 2 + ε−2 = 2
because ε−2, ε2 are negatives of each other: both have the same square (−1)−1 = −1, yet they are not equal
(since ε4 6= 1), so their quotient squares to 1 but isn’t one, and must be the only other square root of unity,
namely −1.



General Exam - Algebra
August 14, 2000

1. Let V be a vector space over the field of reals R. Show that V cannot be
presented as the union of three proper subspaces.

2. Let K be an arbitrary field, G be a finite group of order n > 1. Show that
the group algebra K[G] has zero divisors. Does this result remain true for
infinite groups?

3. Prove or disprove: A commutative local ring has only one nonzero prime
ideal (by definition, a commutative ring is called local if it has only one
maximal ideal).

4. For a field K, we denote by K(x) the field of rational functions in one
variable x over K. Prove or disprove: C(x) is the algebraic closure of R(x).

5. Let K be the splitting field of the polynomial f(x) = x13 − 1 over F5 (the
field of 5 elements). Determine the Galois group Gal(K/F5).

6. Let a and b be positive relatively prime integers. Show that any integer
N > ab can be written in the form N = ax+ by where x, y are integers ≥ 0.

7. (a) Let G be a finite group of order pαm where p is a prime relatively prime
to m, and let Gp denote the set of elements of G whose order is pi for some
i > 0. Show that

| Gp |≤ [G : N ](pα − 1)

where N is the normalizer of some Sylow p-subgroup, with equality holding
iff any two distinct Sylow p-subgroups have trivial intersection.

(b) Let G be a finite group of order pαqβ for distinct primes p, q. Assume
that G does not have elements of mixed order (i.e. the order of any element
is either pi or qj) and has a normal Sylow q-subgroup. Show that

| Gp |= qβ(pα − 1).

Using (a), conclude that in this case any two distinct Sylow p-subgroups
intersect trivially.

(over, please)



8. Determine all possibilities for the Jordan canonical form of a matrix A ∈
GL2(C) given that A is conjugate to tA−1 where t denotes the operation of
taking the transpose of a matrix.

9. Let R denote the set of complex numbers of the form a+b
√
−6 with a, b ∈ Z.

(i) Show that R is a subring of C.

(ii) Let a be the ideal of R generated by 5 and 2 +
√
−6. Show that a is

proper (i.e. a 6= R). (Hint. Use the conjugate 2 −
√
−6.)

(iii) Show that the ideal a is prime, while the ideal b ⊂ R generated by
5 alone is not prime. (Hint. For the first part, try to identify the
quotient ring R/a.)

10. Let R be a unital commutative ring. From the usual theory of determinants
for matrices over R, we know that if M ' Rn is a free module we can
uniquely define the determinant det(T ) to any T ∈ EndR(M). Suppose M
is only a direct summand of a free module, M ⊕M ′ ' Rn for some (finite)
n. Define T̃ = T ⊕ 1M ′ ∈ EndR(M ⊕ M ′) and set

detM,M ′(T ) := det(T̃ ).

Show that this is independent of the complement chosen: if also M ⊕M ′′ '
Rm and T̂ = T ⊕ 1M ′′, then det(T̂ ) = det(T̃ ) as elements of R. (Hint. Show
that there are two

S1, S2 ∈ EndR(M ⊕ M ′ ⊕ M ⊕ M ′′) ' EndR(Rn+m)

with det(S1) = detM,M ′(T ), det(S2) = detM,M ′′(T ), and S2 = PS1P
−1 for

an invertible P ∈ EndR(M ⊕M ′⊕M ⊕M ′′).) Conclude that there is a well-
defined determinant for endomorphisms of such M ’s, which agrees with the
usual determinant for free modules M.



Algebra, April 1977

1. Let C be the field of complex numbers, and let A be an n × n matrix over C . As usual,
we define eA =

∑
∞

k=0
Ak

k!
= I + A + 1

2!
A2 + 1

3!
A3 + · · ·, where the convergence of the series

is that of Cn2

.

(a) Use the Jordan canonical form to show that det eA = eTrA.

(b) If A =
(

1

0

1

1

)
, what is eA?

2. Let k be a field of q elements where q is finite.

(a) Show that q = pn is a power of a prime.

(b) Show that k is the splitting field of the equation xq − x = 0 and thus is the unique
field of q elements.

(c) The multiplicative group k∗ of non-zero elements of k satisfy the equation xq−1−1 =
0. Why does this imply that k∗ is a cyclic group of order q − 1?

3. Use the fundamental theorem for abelian groups to show that in the ring of integers mod
pn, for p an odd prime, the multiplicative group of integers relatively prime to p has a
subgroup of order p if n > 1.

4. Let R be a commutative ring with 1 and let M be a maximal ideal in R. Show that R/M
is a field.

(a) Show that if R is a Euclidean Integral Domain then every ideal generated by an
irreducible element is maximal.

(b) Let k be a field and R = k[x] the polynomial ring in one variable over k. If p(x) = p
is an irreducible polynomial in k[x] use 4. and (a) to show that there is a finite
extension K of k in which p(x) has a root.

(c) If k = Q is the rational field and p(x) = x2+x+1 show that p(x) is indeed irreducible
over Q. What is the field generated in (b) for this example?

5. Let G = Sn be the symmetric group on n letters.

(a) Show that the alternating group An on n letters is a normal subgroup of Sn.

(b) Show that An is generated by the three-cycles (1, 2, i),i = 3, 4, . . . , n.

(c) Show that if H is a normal subgroup of An for n ≥ 3 and H contains a 3-cycle, then
H = An.

6. Let k = Q be the rational field and let f(x) = x3 + 5.

(a) Show that f(x) is irreducible over Q.

(b) Use Galois theory to show that the Galois group of f(x) cannot be of order 3.

(c) Find the Galois group of f(x).

1



(d) Is the equation f(x) solvable by radical? Give reasons for your answer.

7. Let A be a normal (A∗A = AA∗) n×n complex matrix. Show that there is a polynomial
f(x) with complex coefficients such that A∗ = f(A). Thus any n × n matrix B which
commutes with A also commutes with A∗. (Assume the spectral theorem for A.)

8. If A and B are algebras over a field k define their tensor product C = A ⊗k B and show
that C is an algebra over k.

(a) Let A and B each have units and let Z(A) = Z1, Z(B) = Z2, and Z(C) = Z
designate the centers of A, B, and C respectively. Show that Z = Z1 ⊗ Z2.
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Algebra, November 1977

1. How many non-isomorphic fields are there with exactly 3 elements? Exactly 6 elements?
Exactly 9 elements?

2. Describe the following tensor products of modules in more explicit form. (Z = integers).

(i) Z2 ⊗Z4
Z4

(ii) Z2 ⊗Z Z3

(iii) Z2 ⊗Z3
Z

3. Give an example of an inseparable extension of degree 7 over Q (the rationals).

4. Define “finite” and “algebraic” extensions of fields. Does algebraic imply finite? Does
finite imply algebraic? Prove or give counterexample.

5. Give an example of a non-Noetherian commutative ring.

6. Find all eigenvectors and eigenvalues of the linear operator D = d
dx

(differentiation) on
the space V = C∞(R) of infinitely differentiable complex-valued functions on the real line
R. The finite-dimensional subspace Vn of complex polynomials of degree < n is invariant
under D; what is the Jordan canonical form of the restriction of D to this subspace?

7. Consider groups of order 70. Are they all abelian or solvable? Can you say anything
regarding their normal subgroup structure?

3



Algebra, May 1978

1. Give an example of a nonabelian simple group. Do not prove your assertion.

2. Let G be a finite p-group acting linearly on a finite dimensional vector space over Zp.
Prove G has a non-zero fixed point.

3. Describe the semisimple 4-dimensional algebras over the reals R. (No proofs required.)

4. Describe the modules over the ring Mn(F ) of n × n matrices over a field F .

5. Is the ring C [0, 1] of all real-valued continuous functions on the interval [0, 1] Noetherian
(i.e., does it satisfy the ascending chain condition on ideals)? Justify your assertion.

6. Give an example of a torsion free abelian group which is not free. Can you give an example
which is finitely generated?

7. Find the inverse of the matrix 



0 0 1
0 1 0
1 0 0



 .

8. (a) What is the Jordan canonical form of the matrix







0 0 0 0
0 0 0 0
0 0 0 0
1 1 0 0







.

(b) Give the eigenvalues, characteristic and minimum polynomials for this matrix.

9. Show that any two eigenvectors with distinct eigenvalues of the matrix







1 9 7 8
9 0 0 0
7 0 1 0
8 0 0 0







are orthogonal.

10. Give a polynomial whose splitting field is a field with 9 elements. Can this be done in a
similar way for a field of 18 elements?

11. Say what you can about the intermediate subfields of a Galois extension E/F with Galois
group the symmetric group S3.
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12. Fill in the blank:

Z6 ⊗Z Z4
∼=

Z6 ⊗Z Z ∼=

Z6 ⊗Z Q ∼=

Hom(Z6, Z14) ∼=

13. Define “projective module.” Is there a dual notion?

5



Algebra, September 1978

1. Prove that the set of rational 3 × 3 matrices which commute with the matrix




0 0 6
1 0 4
0 1 2





is a field.

2. Let V be a 12-dimensional vector space over the field GF (3). Let T be a linear transfor-
mation whose characteristic polynomial factors into linear factors over GF (3). Find all
possible Jordan normal forms given the table:

Transformation Rank

T 10

T 2 9

T 3 9

T − 1 12

T − 2 9

(T − 2)2 7

(T − 2)3 6

3. A certain group of order 60 is known to have exactly four members of order 5. Explain
why they, along with the identity, form a normal subgroup.

4. (a) Show that the Galois group over the rationals of every irreducible 5th degree poly-
nomial contains an element of order 5.

(b) Show that the Galois group over the rationals of x4 + 1 does not contain an element
of order 4.

(c) Show that the Galois group over the rationals of x4 + x3 + 1 contains an element of
order 4.

5. Let M be a module over an integral domain A with quotient field K. Show that M is
torsion free if and only if 0 → M → M ⊗A K is exact.

6. A local ring is defined to be a commutative ring with unit having a unique maximal ideal.

(a) Prove a commutative ring, R, is local if and only if the non-units form an ideal.

(b) A domain, V , is called a valuation domain if for a, b ∈ V either a divides b or b
divides a. Show that a valuation domain is a local ring.

(c) Prove that a local ring has no idempotents (other than 1).

6



7. Let A be a simple Artinian ring, and let N be a minimal right ideal.

(a) Viewing N as a right A-module, show that the ring D = EndA(N) of A-linear
endomorphisms of N is a division ring.

(b) Prove AN = A.

(c) Let k be minimal such that there exist m1, . . . , mk in N and a1, . . . , ak in A with
1 = a1m1 + · · · + akmk. Prove that the map

N ⊕ · · · ⊕ N
︸ ︷︷ ︸

k−copies

→ A

given by (x1, . . . , xk) → a1x1 + · · · + akxk is an isomorphism of right A-modules.

(d) Deduce A ∼= EndA(Nk) ' Mk(D), the algebra of k × k matrices over D. What
famous theorem is this?

7



Algebra, May 1980

1. Describe all abelian groups of order 375. Be sure that you have at least listed each
possibility up to isomorphism in some fashion.

2. A famous theorem of Hilbert states that k[x1, . . . , xn] is a Noetherian ring when k is a
field. Prove in detail that every commutative k-algebra, A, which can be generated as a
k-algebra by a finite number of elements is also Noetherian, that is, satisfies the ascending
chain condition.

3. Give the eigenvalues of the following matrices. What are their Jordan normal forms?






1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0













1 −1 0 0
0 −1 0 0
0 0 1 0
0 0 0 0







4. Let Q(X) be a quadratic form for X = (x1, x2) in R2 given by

Q(X) = ax2
1 + bx1x2 + cx2

2.

Recall that the bilinear form B(U, V ) associated with a quadratic form Q(X) is given by

B(U, V ) = Q(U + V ) − Q(U)− Q(V ).

(a) What is the associated (symmetric) bilinear form for Q(X)?

(b) Show that the associated (symmetric) bilinear form for Q(X) is non-degenerate if
and only if b2 − 4ac 6= 0.

5. Let A be a finite-dimensional algebra over the field, C, of complex numbers.

What can you say about A in the following cases?

(a) A is simple.

(b) A is semi-simple.

(c) Let T : V → V be a linear transformation on the finite-dimensional vector space
over C. Let A = C[T ] be the algebra of polynomials in T over C. When is A a
simple algebra?

(d) When is the algebra of part (c) semi-simple and what can you say about T in this
case?

Note: In parts (c) and (d), your answer should specify conditions on the transformation
T .

6. Let F = Q(ζ) where ζ is a primitive nth root of 1. Let a be a non-zero element of F
which is not an nth root in F . Show that the galois group of the field K = F ( n

√
a) over

F is abelian.

8



Algebra, September 1980

1. Describe all abelian groups of order 80. Be sure that you have listed each possibility once
and only once up to isomorphism.

2. A field is a trivial example of a principal ideal domain (P.I.D.). All abelian groups are
modules for another well-known P.I.D., namely the ring . Give a third
example of a P.I.D. Show that every homomorphic image of a P.I.D. is a principal ideal
ring.

3. Suppose A is a 4 × 4 matrix with complex entries with p(A) = 0 for p(t) = t2 − 7t + 10
and trace A = 11. Knowing trace A = 11, it is relatively easy to find all possible Jordan
canonical forms for A. Find these forms and briefly explain your reasoning.

What is the determinant of A?

4. Let V be a finite-dimensional vector space over a field k. The dual, V ∗, of V is defined
as the collection of all linear maps V → k (often called “linear functionals”) with the
vector space operations defined in the obvious way. If v1, . . . , vn is a basis for V , define
v∗

1, . . . , v
∗

n in V ∗ as the unique linear maps V → k satisfying

v∗

i (vj) = δij =

{
1 if i = j,
0 if i 6= j.

(a) Why, exactly, do there exist linear maps satisfying this condition?

(b) Show that v∗

1, . . . , v
∗

n is a basis for v∗ (often called the “dual basis” associated with
v1, . . . , vn).

5. (a) Explain what it means to say that a sequence

0 → U → V → W → 0

of vector spaces and linear maps is exact.

What does it mean to say that the sequence

(∗) 0 → V1 → V2 → · · · → Vn → 0

of vector spaces and linear maps is exact?

(b) If the sequence (∗) is exact and each Vi is of finite dimension, mi, show that

m1 − m2 + m3 − · · · + (−1)n+1mn = 0.

6. Let A be a finite-dimensional algebra over the field C of complex numbers. What can you
say about A in the following cases?

(a) A is simple.

(b) A is semi-simple.

9



Let T : V → V be a linear transformation on the finite-dimensional vector space, V , over
C. Let A = C[T ] be the algebra of polynomials in T over C. Under these hypotheses:

(c) When is A a simple algebra?

(d) When A is semi-simple and what can you infer about T in this case?

7. Let F = Q(
√

2,
√

3). It may be shown, and you may assume, that the Galois group is of
order 4 and isomorphic to the “Klein 4-group” (the direct product of a cyclic group of
order 2 with itself). Describe all the subfields of F and justify your description.

10



ALGEBRA GENERAL EXAMINATION

January 17, 1998

Question 1 (a) What can you say about groups G of the following orders |G|? (Give

reasons, making free use of any theorems you know.)

(1) |G| = 24 + 1 : G ∼=?

(2) |G| = 23 + 1 : G ∼=?

(b) What can you say about simple groups G of the following orders |G|? (Again, explain

your answer.)

(1) |G| = 2m + 1 : G ∼=?

(2) |G| = 2.3.5 : G ∼=?

(3) |G| = 22.3.5 : G ∼=?

All your answers should be quite short.

Question 2 (a) How many non-isomorphic abelian groups are there of order 360?

(b) Take the free abelian group on generators x, y and z. Divide it by the relations

2x + 4y + 5z = 0

6x + 8y + 10z = 0

8x + 12y + 20z = 0

Write the resulting group as a direct sum of cyclic groups.

Question 3 Let R be a principal ideal domain. Suppose a and b are two non–zero elements

in R. Show that they have a least common multiple. That means the following. We adopt

the notation that a | m means “a divides m”. You need to show that there exists an element

m ∈ R, so that

a | m and b | m.

If a | x and b | x, then m | x.

Question 4 Let M be a module over a ring. A section A : B of M is a pair of submodules

A, B of M with B ⊆ A; a trivial section is where B = A. A submodule C of M covers a

section A : B if (A ∩ C) + B = A, and avoids A : B if A ∩ C ⊆ B.

1



(a) Show that C covers A : B if and only if A ⊆ B + C, and avoids A : B if and only if

A ∩ (B + C) = B.

(b) Show that every C simultaneously covers and avoids any trivial section, that any C

with C ⊇ A covers A : B, and any C with C ⊆ B avoids A : B.

(c) Give an example of a Z-module M and a submodule C that covers one nontrivial

section A : B and avoids another nontrivial section A′ : B′ for which the two quotients A/B

and A′/B′ are isomorphic.

Question 5 (a) Find the Galois group of the polynomial

x5 + 5x3 − 20x + 10

over the rational numbers.

(b) The Galois group G over F of a polynomial f(x) ∈ F [x] of degree 4 is known to contain

a subgroup isomorphic to the dihedral group D4.

(1) Show that f(x) is irreducible.

(2) If some root ri of f(x) lies in the subfield F (rj, rk) generated by two other roots,

show F (rj, rk) is a splitting field for f(x) and that G = D4.

(3) Show that no root ri of f(x) is a linear combination of two other roots rj, rk.

Question 6 The finite field GF (32) of 32 elements can be constructed as the extension

GF (2)(θ), where θ is a root of the polynomial x5 + x2 + 1 in GF (2)[x]. Find the minimal

polynomial of θ3 over GF (2).

Question 7 If the n×n real matrix P is the transition matrix for a regular Markov chain,

then its powers converge to a matrix T = limk→∞ P k of the form









t1 t1 . . . t1

. . . . . . . . . . . .

tn tn . . . tn









all

of whose columns are the same probability vector t (it’s entries ti are all nonnegative and

sum to 1).

(a) What is the Jordan canonical form of the limit T ?

(b) What are the possible complex eigenvalues of the original P?

(c) What are the possible Jordan canonical forms of P?

If you cannot do the general case, do at least the 2 × 2 case.
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Algebra General Exam August 22, 1998

This is exam is worth 100 points. The number of points each part of a problem is worth is

indicated in brackets. If you can’t prove part of some problem, you can still use the result of that

part in proving subsequent parts.

(1)[20] Let G be a finite group of order 3 · 5 · 17.

(a)[5] Show that the Sylow 17-subgroup is normal.

(b)[5] If there exists an element of order 15 in G, show that the Sylow 3- and 5-subgroups

are also normal. [Hint: show they are properly contained in their normalizers.]

(c)[5] If all Sylow subgroups of a finite group G are normal and abelian, show that G

itself is abelian.

(d)[5] If G is a finite abelian group of order p · q · r for distinct primes p, q, r, show that

G is cyclic.

(2)[15] Let GL2(p) for a prime p denote the group of invertible 2×2 matrices over the finite

field Fp of p elements.

(a)[5] Find the order n of the group GL2(p).

(b)[5] For λ in Fp, the find the order m of the subgroup

Gλ = {A ∈ GL2(p) | A

(

λ 1

0 λ

)

A−1 =

(

λ 1

0 λ

)

}.

(c)[5] Find how many 2× 2 matrices over Fp are similar to the matrix

(

λ 1

0 λ

)

. [Hint:

express it in terms of m and n.]

(3)[10] For an abelian group A, the dual group A∗ is defined to be Hom(A, U) where the

circle group U is the multiplicative group of complex numbers of modulus 1 (the unit circle

in the complex plane). Here Hom(A, B) denotes the abelian group of homomorphisms of

A into B (under (f + g)(a) = f(a)+ g(a)); you may use the additivity property Hom(A1 ⊕
A2, B) ∼= Hom(A1, B)⊕Hom(A2, B) and the isomorphism property that if A ∼= A′, B ∼= B′

then Hom(A, B) ∼= Hom(A′, B′).

(a)[5] Prove that Z∗

n is cyclic of order n.

(b)[5] Prove that A∗ is isomorphic to A for any finite abelian group A.

(4)[10] Let a, b, c be distinct elements of an integral domain D. Show that there are unique

elements x, y, z in D such that

x + y + z = 0

ax + by + cz = 0

a2x + b2y + c2z = 0

.
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(5)[10] A derivation D of a ring R is a map of R into itself such that

D(a + b) = D(a) + D(b)

D(ab) = D(a)b + aD(b)

for all elements a, b of R. Show that if D is a derivation, and in addition D2 = 0 and R has

no 2-torsion (2a = 0 implies a = 0), then the “exponential map” Id+D is an automorphism

of R.

(6)[15] Let V be an n-dimensional vector space over the complex numbers, and let T be a

linear transformation from V to itself whose minimum polynomial µ(x) has degree 2.

(a)[5] Find all possible Jordan Canonical Forms for T . [Hint: consider the possible factoriza-

tions of µ(x) over K .]

(b)[5] Show that V is a direct sum of T -invariant subspaces, each of which has dimension

less than or equal to 2.

(c)[5] Show that T has an eigenvalue λ such that the λ-eigenspace (the set of all eigen-

vectors for the eigenvalue λ, together with the zero vector) has dimension at least n/2.

(7)[10] Suppose that K is a finite Galois extension of the rational field Q which contains√
3 and has cyclic Galois group Gal(K/Q). Show that L = Q(

√
3) is the only quadratic

extension of Q contained in K.

(8)[10] (a)[5] If F denotes a field and Z the ring of integers, decide which of the following

rings are PIDs and which are UFDs (no proofs are necessary):

F, Z, Z[x], F [x, y], F [[x]] (formal power series).

(b)[5] The Krull dimension of a commutative ring R is the longest chain of prime ideals

properly contained in R, i.e. the largest integer n such that there exists a chain P0 < P1 <

. . . < Pn < R (P0 = 0 allowed if prime) of prime ideals Pi in R. If R is a PID, find its Krull

dimension.
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Algebra General Exam August 21, 1999

This is exam is worth 100 points. The number of points each part of a problem is worth is

indicated in brackets. If you can’t prove part of some problem, you can still use the result of that

part in proving subsequent parts.

(1)[10] Let P be a p-Sylow subgroup of a finite group G for some prime p dividing the group

order. We know by Sylow theory that the index of the normalizer of P is congruent to 1

modulo p,

[G : NG(P )] ≡ 1 (mod p).

Show that the same holds for any larger subgroup M : if G ⊇ M ⊇ NG(P ) then

[G : M ] ≡ 1 (mod p).

[Hint: show NM (P ) = NG(P ).]

(2)[20] (a)[5] Show that any finite group G has a faithful action on some set S of cardinality

|S| = |G|.
From now on (in parts b,c) assume that G is a finite p-group for a prime p, having the

property that it has a unique subgroup Gp of order p. [The quaternion group is such a

group, with p = 2 and G2 = {1,−1}.]
(b)[5] Show that Gp is invariant under all endomorphisms of G, f(Gp) ⊆ Gp for all

homomorphisms f : G → G.

(c)[10] Show that Gp “needs room” in order to act: whenever G acts on a finite set S of

size |S| < |G|, the subgroup Gp acts trivially. Conclude that G can only act faithfully on

sets of size ≥ |G|.

(3)[10] The exponent e of a group G is defined as the smallest positive integer k such that

xk = 1 for all x ∈ G; for an abelian group, in additive notation this is the smallest k such

that kx = 0 for all elements. If n1, n2, . . . , nr are the invariant factors of a finite abelian

group A (so nr|nr−1| . . . |n2|n1), prove that A has exponent e = n1, and has an element

of order precisely e. Conclude that A has an element of order m iff m divides the largest

invariant factor n1.
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(4)[10] If R is a (commutative, unital) integral domain, find all R-linear automorphisms of the

polynomial ring R[x] (all ring automorphisms ϕ with ϕ(a) = a for all constant polynomials

a ∈ R). [If you can’t do the general case, do the case when R = F is a field.]

(5)[10] Let f(x) = anxn + an−1x
n−1 + . . . + a0 (a0 6= 0) be a complex polynomial of degree

n > 1, and f ′ its derivative. Let α1, . . .αn be the n roots of f and α′

1
, . . . , α′

n−1
the n − 1

roots of the derivative (listing each root as many times as its multiplicity). Show that the

average of the roots α1, . . .αn of f equals the average of the roots α′

1
, . . . , α′

n−1
of f ′. [Hint:

Use the relations between the coefficients of a polynomial and the roots of that polynomial.]

(6)[10] Describe (in terms of Jordan form) all 2 × 2 complex matrices which are similar to

their square. [Hint: there are more matrices, Horatio, than are dreamt of in your philosophy!]

(7)[10] (a)[5] Show that the ring of 2n × 2n matrices M2n(F ) over a field F for n ≥ 1 is

“algebraically closed” with respect to polynomials of degree 2, in the sense that every

polynomial p(x) = x2 + αx + β ∈ F [x] of degree 2 has a “root” A ∈ M2n(F ) (in the sense

that p(A) is the zero matrix). Can you generalize this to polynomials of degree d?

(b)[5] How many real 2×2 matrices A ∈ M2(R) are roots of the polynomial p(x) = x2+1?

(8)[10] If F is a finite field show that every element α ∈ F is the sum α = β2
1

+ β2
2

of two

squares (for some β1, β2 ∈ F ).

(9)[10] If p is a prime number congruent to 1 mod 8, show that 2 is a “quadratic residue”

mod p, i.e. there is an integer a such that a2 ≡ 2 modulo p. [Hint: show there is an ε ∈ Zp with

ε4 = −1, and α2 = 2 for α = ε + ε−1.]
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PROOFS

Proof (1): (1) NM (P ) = M ∩ NG(P ) (always) = NG(P ) (when M ⊇ NG(P )). (2) Using Sylow on

both G and M (noting that P remains a p-Sylow subgroup of M) shows the indexes of the normalizers is

congruent to 1, so [G : NG(P )] ≡ 1, [M : NG(P )] = [M : NM (P )] ≡ 1, 1 ≡ [G : NG(P )] = [G : M ][M :

NG(P )] ≡ [G : M ]1 = [G : M ].

Proof (2a): Left-regular representation.

Proof (2b): Gp is in fact the set of all elements of order 1 or p [any element g of order p generates a

cyclic subgroup of order p, which by uniqueness must be Gp, therefore g ∈ Gp], hence is invariant under any

homomorphism.

Proof (2c): For any s ∈ S we have |G| > |S| ≥ G · s = [G : Stab(s)] (orbit size formula) = |G|/|Stab(s)|

so |Stab(s)| > 1. Thus |Stab(s)| is a power of p, in particular (by Cauchy) has an element of order p, hence

a cyclic subgroup of order p, which by uniqueness must be Gp : Gp ⊆ Stab(s). Thus Gp fixes all points s,

thus acts trivially on S.

Proof (3): In A =
L

Zni
, any x =

P

xi has xn1 =
P

xn1

i = 1 since n1 is a multiple of ni, and this is

the smallest such power since the generator of Zn1
has order exactly n1. If m divides n1 then there exists

Zm ⊆ Zn1
⊆ A. Conversely, if A has an element x of order m then m divides the exponent n1 (by the

above).

Proof (4) The automorphism are precisely all “linear” transformation ϕa,b(f(x)) = f(ax+b) for invertible

a and arbitrary b in R, with inverse ϕa−1 ,−a−1b. Indeed, if ϕ(x) = f(x), ϕ−1(x) = g(x), for f, g of degrees

n, m, then x = ϕ(ϕ−1(x)) = ϕ(g(x)) = g(f(x)) shows 1 = mn (over a domain the degree of the product is

n+m and the degree of the composite is nm), so n = m = 1, f(x) = ax+b, g(x) = cx+d,x = c(ax+b)+d =

(ca)x + (cb + d) implies ca = 1 (so a is invertible with inverse c) and cb + d = 0 (so d = −cb).

Proof (5): 1
n

Pn

i=1 αi = − 1
n
(

an−1

an
), 1

n−1

Pn−1
i=1 α′

i = − 1
n−1 (

(n−1)an−1

nan
).

Proof (6) (1) if the distinct diagonal entries of the Jordan form A are λ, µ then A2 has diagonal entries

λ2, µ2 then we either have (1a) λ = λ2, µ = µ2, so λ, µ = 0, 1 and by distinctness λ = 1, µ = 0 and we have

an idempotent A ∼

 

1 0

0 0

!

, or we have (1b) λ = µ2, µ = λ2, so λ4 = λ 6= 0, 1, λ3 = 1, λ = ζ is a primitive

cube root of unity and µ = λ2 = λ−1, and we have A ∼

 

ζ 0

0 ζ−1

!

. (2) If A = λI then A2 = λ2I and we

must have λ = λ2, so again we have idempotents A = I,0. (3) If A ∼

 

λ 1

0 λ

!

is a 2 × 2 Jordan block,

then A2 ∼

 

λ2 2λ

0 λ2

!

, so again λ = λ2, λ = 1, 0; but we can’t have λ = 0 (A would be nilpotent of index

2, A2 = 0 nilpotent of index 1, so not similar), hence A ∼

 

1 1

0 1

!

, A2 ∼

 

1 2

0 1

!

∼ A.

Proof (7a) Any p(x) has root A consisting of n blocks B2 strung together down the diagonal (hence the

need for even size 2n), where B2 is the 2× 2 companion matrix of p(x), namely

 

−α 1

−β 0

!

, and Zn−2 the

(n − 2) × (n − 2) zero matrix. More generally, any polynomial p(x) = xd + αd−1x
d−1 + . . . + α1x + α0 has

root obtained by duplicating its d × d companion matrix n ≥ 1 times to obtain a dn × dn matrix.

Proof (7b): There are infinitely many distinct conjugates of any solution A, and there is only one

Jordan form for a real matrix having minimum polynomial dividing x2 + 1, namely

 

i 0

0 −i

!

with
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rational canonical form A =

 

0 1

−1 0

!

. [Over the complexes there would be two more conjugacy classes,

corresponding to ±iI2.]

Proof (8): If the characteristic is 2 then the map ϕ(α) = α2 is injective, hence surjective, so every element

is a square (and hence trivially α = β2 = β2 + 02 the sum of two squares). Assume the characteristic is not

two, so ϕ(α) = ϕ(β) ⇐⇒ (α/β)2 = 1 ⇐⇒ α/β = ±1 and (except at 0) the map ϕ is two-to-one; if the size

of F is q, then the cardinality of the set S := ϕ(F ) of squares is 0 + 1
2
(q − 1) = q+1

2
(zero together with half

of the q − 1 nonzero values). For any α the sets α − S and S are too big to be disjoint (then F of size q

would contain (α − S) ∪ S of size |S| + |S| = q + 1), so they intersect in some α − β2
1 = β2

2 .

Proof (9): Z×

p is a cyclic group of order p − 1 divisible by 8, so it has a unique cyclic subgroup < ε >

of order 8; ε4 is not 1, yet it is a square root of unity in the field, so it must be −1. The (ε + ε−1)2 =

ε2 + 2 + ε−2 = 2 because ε−2, ε2 are negatives of each other: both have the same square (−1)−1 = −1, yet

they are not equal (since ε4 6= 1), so their quotient squares to 1 but isn’t one, and must be the only other

square root of unity, namely −1.

8



Algebra General Exam January 17, 2000

This is exam is worth 100 points. The number of points each part of a problem is worth is

indicated in brackets. If you can’t prove part of some problem, you can still use the result of that

part in proving subsequent parts.

(1)[15] (a)[5] Define the trace of an n× n real matrix, and show that the trace of the product

XY of two real n × n matrices is the same as the trace of Y X.

(b)[5] Explain why the trace of such a matrix is the sum of all the eigenvalues (possibly

complex, with the appropriate multiplicities) of the matrix.

(c)[5] Explain how you would define the trace of an abstract linear operator on any

finite-dimensional real vector space V (i.e., a linear transformation from V to V ).

(2)[10] Let K be a field of characteristic zero, Mn(K) the n × n matrices over K.

(a)[5] Determine all linear functionals f : Mn(K) −→ K which are symmetric in the

sense that f(ab) = f(ba) for all matrices a, b ∈ Mn(K).

(a)[5] Determine all linear functionals f : Mn(K) −→ K which are invariant in the sense

that f(gag−1) = f(a) for all invertible g ∈ GLn(K).

(3)[15] (a)[5] Let A be an abelian group, and let f and g be any two endomorphisms of A

(group homomorphisms of A into itself). Let B := Fix(fg) = {a ∈ A | f(g(a)) = a}, C :=

Fix(gf) = {a ∈ A | g(f(a)) = a}. Show that B and C are isomorphic subgroups of A.

(b)[10] How many abelian groups (up to isomorphism) are there of order 1000 which

have no elements whose orders are larger than 35?

(4)[10] (a)[5] If G is a group containing a cyclic normal subgroup N, show that gn = ng for

all n in N and all g in the commutator subgroup of G.

(b)[5] Suppose that N1, N2, N3 are three normal subgroups of a group G with the prop-

erties that for distinct i, j always Ni∩Nj = 1, NiNj = G. Show that all three subgroups Ni

are isomorphic, and that G is abelian. Give an example of such an abelian group of order

4.

9



(5)[10] Let G be a finite group such that every element commutes with its conjugates (for any

g, h ∈ G the elements h and ghg−1 commute).

(a)[5] Show that any Sylow subgroup of such a G is normal. [Hard!]

(b)[5] Explain why the group of quaternions {±1,±i,±j,±k} is such a group G.

(6)[10] Given a finite field K, show there exists a polynomial f(x, y) ∈ K[x, y] (in which both

variables actually appear) for which the equation f(x, y) = 0 has no solutions in K × K.

(7)[15] Suppose that f is an irreducible polynomial of degree n with rational coefficients. Let

K be a splitting field for f over the rationals Q, and let r1, . . . , rn be the roots of f in K,

with a =
∏

i<j(ri − rj).

(a)[5] Show that the roots of f are distinct.

(b)[5] If the product a is not rational, show the Galois group Gal(K/Q) contains an

element which yields an odd permutation of the roots.

(c)[5] If the product a is not rational, show that K contains at least one quadratic

subfield.

(8)[15] Let ζ be primitive 3rd root of unity, K = Q, and L = K(3
√

2).

(a)[10] Show that L/K is a Galois extension, and determine its Galois group G :=

Gal(L/K).

(b)[5] Considering L as vector space over K, determine all K-linear functionals f : L →
K which are G-invariant (i.e. f(σ(a)) = f(a) for all σ ∈ G and all a ∈ L).

10



PROOFS

Proof (1):

Proof (2a): Left-regular representation.

Proof (2b):

Proof (2c):

Proof (3):

Proof (4)

Proof (5):

Proof (6)

Proof (7a) Any p(x) has root A consisting of n blocks B2 strung together down the diagonal (hence the

need for even size 2n), where B2 is the 2× 2 companion matrix of p(x), namely

 

−α 1

−β 0

!

, and Zn−2 the

(n − 2) × (n − 2) zero matrix. More generally, any polynomial p(x) = xd + αd−1x
d−1 + . . . + α1x + α0 has

root obtained by duplicating its d × d companion matrix n ≥ 1 times to obtain a dn × dn matrix.

Proof (7b):

Proof (8):
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Algebra General Exam
August 18, 2001

(1) If φ : G1 → G2 is a homomorphism of groups, and N1 C G1, N2 C G2 are two normal

subgroups, show that the map φ given on cosets by φ(xN1) = φ(x)N2 is a well-defined

homomorphism φ : G1/N1 → G2/N2 of quotient groups if and only if the original homo-

morrphism satisfies φ(N1) ⊆ N2.

(2) Show that if p is a prime and H is a subgroup of G, then the number of distinct p-Sylow

subgroups of H is less than or equal to the number of distinct p-Sylow subgroups of G.

(3) How many nonisomorphic abelian groups are there of order 325?

(4) If x is an element of a PID R, show that the left R-module R/Rx is irreducible as a

module if and only if the element x is irreducible as an element.

(5) How many non-similar linear transformations T can there be on an 8-dimensional real

vector space V having the minimum polynomial µT (t) = (t − 2)(t − 3)(t− 6)3 ? List their

Jordan canonical forms.

(6) Consider the transformation T on R3 which rotates points around the z-axis through a

fixed angle θ.

(a) Find the matrix of T with respect to the canonical basis for R3.

(b) Find the characteristic polynomial of T , and factor it into irreducibles (ignore the

cases when θ is an integer multiple of π).

(c) Find the Jordan canonical form for T (you may have to pass to complex matrices).

(7)(a) Show that for any two elements a, b in a cyclic group, at least one of the 3 elements

a, b, ab is a square (i.e. is of the form x2 for some element x in the group).

(b) Show that the polynomial f(x) := (x2 − 2)(x2 − 3)(x2 − 6) has no integral roots in

Z, but for any prime p > 0 it has integral roots modulo p (i.e. the congruence f(x) ≡ 0

mod p has an integral solution).

(8) Find the Galois group of f(x) := x13 − 1 over the rationals Q (i.e. Gal(K/Q) for K the

splitting fields of f(x) over Q).
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General Exam in Algebra 2002

1. (a) Find all nonconstant polynomials p(x) ∈ C[x] satisfying p(p(p(x))) = p(x).

(b) Find all rational functions ϕ(x) ∈ C(x) satisfying ϕ(2x) = ϕ(x).

2. Show that if for a matrix A ∈ Mn(K) (where K is a field) there exists a nonzero matrix

B ∈ Mn(K) such that AB = 0, then there also exists a nonzero matrix C ∈ Mn(K) such

that CA = 0 (in other words, in Mn(K) the set of all left zero divisors coincides with the

set of all right zero divisors; notice that AB = 0 does not always imply BA = 0 - find

such examples!)

3. Let G be a group. Show that if, for any three elements x, y, z ∈ G, at least two of them

commute, then G itself is abelian. (Hint. Use centralizers.)

4. Show that a finite group is noncommutative if and only if it has an irreducible complex

representation of dimension > 1.

5. Let R be a commutative ring, a1, . . . , an be ideals of R. If for all i 6= j we have ai +aj = R

then a1 ∩ · · · ∩ an = a1 · . . . · an. (Hint. Induct, starting from n = 2.)

6. Let R = C[x, y]/a where C[x, y] is the ring of polynomials in variables x and y, and a

is the principal ideal of C[x, y] generated by p(x, y) = y2 − x3. Show that the ideal of R

generated by the images of x and y is not principal.

7. Let p be a prime > 2.

(a) Show that in the symmetric group Sp, any two elements of order p are conjugate.

(b) Exhibit two nonconjugate elements of order p in the symmetric group Sp2.

(c) Are there nonconjugate elements of order p in the group GL2(C)? (Recall that

GL2(K), where K is a field, is the group of all nondegenerate 2 × 2-matrices over

K with respect to multiplication.)
(d) Can you find an element of order p in GL2(R)?

8. Is it true that in the ring R of all continuous functions on [0, 1], any element which is not

a zero divisor, is invertible?

9. Construct a Galois extension of Q of degree 3.

Possible alternative problems

1. Let p(x) ∈ R[x] be a polynomial that has only positive values (i.e. p(α) > 0 for any α ∈ R).

Show that p(x) can be written in the form p(x) = u(x)2 +v(x)2 for some u(x), v(x) ∈ R[x]

(in other words, p(x) is a sum of two squares in R[x]).

2. Let G be a finite group of order n, and let r > 1 be an integer. Show that the map

µr: G → G, µr(x) = xr, is surjective (i.e. for every element of G there is an rth root of hat

element) if and only if g.c.d(n, r) = 1.
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3. Let L/K be a field extension in characteristic zero. Suppose there exists an integer m > 0

such that am ∈ K for all a ∈ L. Show that L = K. (One can give some specific value of

m, for example, m = 3 or 5.)

4. Let K be a field. A matrix X ∈ Mn(K) is called nilpotent if there exists an integer m > 1

such that Xm = 0. Show that if X ∈ Mn(K) is nilpotent then Xn = 0 (where the exponent

is the same as the size of X).

5. Find an example of a finite group G such that

(a) |Aut(G)| < |G|;
(b) |Aut(G)| = |G|;
(c) |Aut(G)| > |G|.

Your work must include a rigorous proof of the fact that the required (in)equality holds.
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